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Abstract. — We study nonlinear Schrodinger equations, posed on a three dimen- 
sional Riemannian manifold M. We prove global existence of strong solutions on 
M = and M = 5^ x as far as the nonlinearity is defocusing and sub-quintic 
and thus we extend results of Ginibre-Velo and Bourgain who treated the cases of 
the Euclidean space and the torus = R^/Z^* respectively. The main ingredient 
in our argument is a new set of multilinear estimates for spherical harmonics. 

Resume. — On etudie I'equation de Schrodinger sur une variete de dimension trois 
M. On demontre I'existence globale en temps de solutions fortes si M = ou 
S X S , pour les non linearites sous quintiques et defocalisantes. On etend ainsi les 
resultats de Ginibre et Velo et Bourgain qui out traite les cas de I'espace euclidien 
et du tore = R^/Z^ respectivement. L'ingredient essentiel de notre demonstration 
est I'obtention de nouvelles estimees multilineaires pour les harmoniques spheriques. 



1. Introduction 

Let (M, g) be a compact smooth boundary-less Riemannian manifold of dimension 
d > 2. Denote by A the Laplace operator associated to the metric g. In the 
case d = 2, we discovered in 8_ a bilinear generalization of the well-known Sogge 
estimates [221 1231 I24j for (p > 2) norms of normalized eigenfunctions of 
A. These bilinear estimates play a central role in the analysis of fH| concerning the 
nonlinear Schrodinger equation (NLS) posed on M. The goal of this paper is to 
generalize our bilinear estimate of [S] to all higher dimensions and to deduce new 
results regarding the global existence of solutions for NLS when d = 3. 
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We consider thus the Cauchy problem for NLS 

(1.1) iut + Au = F{u), u\t=o = uo. 

In ()1.1|) . n is a complex valued function on M. The nonlinear interaction F satisfies 
F(0) = and is supposed of the form F=^ with ^ G C°°(C ; M) satisfying 

(1.2) V{e'^z) =V{z), eeR,zeC, 
and, for some q > 1, 

\d^/dl' V{z)\ < Cfc„fc,(l + |z|)i+"-^^-'^2 . 

The number a involved in the second condition on V corresponds to the "degree" of 
the nonlinearity F{u) in (jLlj) . Under these assumptions on F, NLS can be seen as 
a Hamiltonian equation in an infinite dimensional phase space. It follows from that 
Hamiltonian structure that smooth solutions of (|1.H) enjoy the conservation laws 

(1.3) \\u{t, = \\uo\\l^, E{u{t)) = E{uo), 
where the energy functional E reads as follows, 

(1.4) E{u)= [ \Vgu\'^dx+ [ V{u)dx. 

In view of H1.3|) and ()1.4I) . the local well-posedness of Hl.l|) in H^{M) (with time 
existence depending upon the norm) is of particular importance. If for example 
y > and {d — 2)a < d + 2, (|1.3j) provides an a priori bound and thus the 
local well-posedness of (jl.ip in implies the global well-posedness in H^. Let us 
notice, on the other hand, that the local well-posedness of (|l.lj) in H'^ , s > d/2 can 
be obtained by the classical energy method (see \21\ ). If M is two dimensional, the 
well-posedness of (|1.1() in H^{M) is established in In this case, the issue is to 
get an improvement of e derivatives with respect to the energy method. In 0, this 
e gain is achieved by a Strichartz type inequality (with derivative loss). Therefore, 
for d = 2, the well-posedness theory for Hl.lj) is completed. Moreover, in the 
recent paper [§], we establish a sharp theory in the case M = S'^, as far as cubic 
nonlinearities are concerned. 

In three dimensions, the theory for (|1.H) becomes much harder. In the case 
d = 3, the Strichartz type inequalities established in [5j yield the local well-posedness 
of (|1.1() in H^, s > 1, as far as q < 3. Notice that this is already a significant 
improvement with respect to the energy approach. Unfortunately, it barely misses 
the crucial regularity. However, in [51, we succeeded in using the conservation 
laws H1.3() in order to get global H^, s > 1 strong solutions. By "strong solutions". 
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we mean the existence, the uniqueness, the propagation of regularity and the uniform 
continuous dependence in bounded subsets of initial data in H^. Moreover, the 
methods of also yield uniqueness of weak solutions. 

On the other hand, if M is the torus and a < 5, the global existence of 
strong solutions of was established by Bourgain The approach in ^ is 
based on an ingenious use of multiple Fourier series and thus relies deeply on the 
particular structure of the torus. In this paper, we will prove the counterpart of this 
result of Bourgain to the cases of the sphere and the product manifold Sp x S^, 
where Sp, d> 1 is the embedded sphere of radius p in M'^"^^. 

Theorem 1. — Let M = or M = Sp x endowed with the standard metrics. 
Suppose that a < 5 and V{z) > — C(l + \z\)f^, (3 < 10/3. Then there exists a space 
X continuously embedded in C(M; H^{M)) such that for every uq G H^{M) there 
exists a unique global solution u £ X of the Cauchy problem il.l]) . Moreover 

1. For every T > 0, the map uq u £ C([— T, T] ; H^{M)) is Lipschitz continu- 
ous on bounded sets of H^{M). 

2. //mo G H^iM), cr > 1, then for every t G M, u{t) E H''{M). 

Let us make some comments about this result. The condition 

^(^) > -C(l + |z|)'^, /3<10/3 

is classically (see e.g. Cazenave imposed to ensure that the energy controls the 
H^{M) norm (defocusing case). 

The space X will be defined in sectionElas a local version of Bourgain space X^'^. 
It is used to ensure the uniqueness of solutions. However, observe that if o" > 3/2, 
then the uniqueness holds in the class C(M; H'^{M)). In particular, our theorem 
implies that for any smooth data uq, there exists a unique global smooth solution. 

In the appendix of this paper, we show that Theorem^ can not hold for a > 5. 
The proof is based on an adaptation of an argument of a recent paper of Christ- 
CoUiander-Tao jllj to the setting of compact Riemannian manifolds. The critical 
case a = 5 is still open. 

Let us recall that the result of Theorem ^ was known if we replace M with 
the Euchdean space (see Ginibre-Velo [n] and Kato TT\). To get the //^(M^) 
well-posedness of for a < 5, it is sufficient to apply the Picard iteration 

scheme to the Duhamel formulation of f (fLT|) in the space L'^W^'^(M.^)nL'^H^{M^'), 
where T depends only on ||uo||jifi. The approach on breaks down in the case 
of a compact manifold since the corresponding Strichartz type estimates have to 
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encounter some unavoidable derivative losses (see ^ El E])- In order to deal with 
such losses, bilinear improvements of the Strichartz inequalities are very useful (see 
e.g. [H 1181 119^ I28^ IS]). This is the approach that we will adopt in the proof of 
Theorem^when M = S^. The proof in the case M = SpX is more intricate. The 
bilinear Strichartz estimates that we are able to prove in the case M = Sp x are 
considerably weaker compared to the corresponding estimates for M = S^. However, 
they are sufficient to treat the case a < 4. The crucial new point involved in the 
analysis on Sp x is that we can prove a trilinear improvement of the Strichartz 
estimate which enables one to treat the case a = 5 for data in H^{Sp x S^), s > 1. 
A suitable interpolation (in the framework of a Littlewood-Paley analysis) between 
the bilinear and the trilinear approach finally completes the argument in the case 
M = S^pX SK 

The results of Ginibre-Velo jl3j on R^, of Bourgain |1| on T'^ (and more recently 
on the irrational three dimensional torus j3] ) , and Theorem ^ were obtained for 
seemingly different reasons in each case. For the torus the eigenfunctions enjoy very 
good algebraic properties and bounds whereas the spectrum is "badly" localized. 
On the other hand for the sphere 5'^, the eigenfunctions present "bad" concentration 
properties but the spectrum is very well localized, and the manifold S"^ x has 
an intermediate behavior. The balance between these properties (concentration of 
eigenfunctions and repartition of the spectrum) leads to the suggestion that a similar 
result might hold for any three dimensional manifold. The proof of this conjecture 
would necessitate a general analysis of the Schrodinger group, unifying these different 
approaches, which seems to be out of reach at the present moment. 

The theory for in dimensions d > 4 remains an open problem. The 

only known result in this direction is that of Bourgain [2j who gets global if'^(T^) 
solutions, if a < 2, s > 1. 

It seems that the obstructions to extending our approach to high dimensions are 
not only of technical nature since in |^ we have shown that for no a G]1,2] (even 
very close to 1), the Cauchy problem posed on can have strong solutions 
in the sense explained above. Interestingly, the result of jB] is in strong contrast with 
the situation on (see [7]). 
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We now turn to the crucial step in the proof of Theorem^ To that purpose, we 
introduce the following notation : given > 1, we set 



A{d, u) 



^ ij-i ifd = 2 

1/2 if d > 4. 

With this notation, we have the following multilinear eigenfunction estimates. 



Theorem 2. — There exists C > such that, if Hp and Hq are two spherical 
harmonics of respective degrees p and q, 

(1.5) ||ifpifg||i2(sd) < CA{d,mm{p,q) + l)||i?p||i2(5.d) ||i?g||L2(5d) . 
Moreover for any p > q > r > 0, the following trilinear estimates hold 

(1.6) \\HpHgHr\\L2(S^) < C[{1 + q){l + r)]^\\Hp\\L2(^s2)\\Hq\\L2(^s^)\\Hr\\L^S2) ■ 

Estimates M.5\) and are sharp, apart from the logarithmic loss in hl.5\) for 

d = 3. 

Remark 1.1. — As an easy consequence of il.5\) . one can prove the corresponding 
estimate to U.6}) . for d > 3, 

(1.7) \\HpHqHr\\L2(S'i) < CMd,q + '^){'^ + r)~\\Hp\\];^2(^S'i)\\Hq\\L2(S'i)\\Hr\\L2{S'i) ■ 

Indeed it suffices to use that the L°^(5'^) norm of Hr is bounded by (l + r)^~ (Weyl 
bound) and \1.S\) for the product HpHq. 

In view of further possible developments, we will also prove in section\^ that for 
every rj g]0, 1] there exists Crj such that 

(1.8) \\HpHqHr\\L2(^s''>) < Cr,{l + q')2+''(l + r) || i?p|| ^2(5-3) || ^2(5-3) || || L2 (53) ■ 

In fact, we deduce Theorem |21 as a consequence of a more general statement 
concerning the approximated spectral projectors xW—^ — '^)) S> 1, x G '5(M), 
where A is the Laplace operator on an arbitrary compact Riemannian manifold 
{M,g) (see Theorem El below). 

Notice that when p = q = r, apart from the log loss in 3d, we recover some 
particular case of the — linear estimates of Sogge [221 1231 124| . In the proof of 
Theorem ^ we typically apply Theorem |21 for p » g and thus estimates (|1.5p , (|1.6|1 
are used in their full strength. 
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In the case d = 2, estimate (|1.5() has already appeared in our previous paper 
[5] . In the proof is inspired by Hormander's work |16j on Carleson-Sjohn type 
operators. The proof we present here is different even for d = 2 and reUes on a 
"bilinearization" of the arguments in j22l 1231 124j . After several preliminaries, we 
reduce the matters to two micro-local linear estimates of quite a different nature. 
The first one is applied to the higher frequency eigenfunction and is in the spirit 
of the boundedness of spectral projectors. The second one is applied to the 
smaller frequency eigenfunctions and relies on a dispersive (curvature) effect. As 
far as the optimality of is concerned, we notice that it is achieved either 

by testing the estimates against eigenfunctions concentrating on an equator or by 
testing against zonal eigenfunctions concentrating on a point. 

Let us mention that estimates (|1.5|) . and a sketch of the proof of 

appeared in [3]. 

The rest of this paper is organized as follows. In section|2lwe prove Theorem[2j In 
section|31we set up the framework of Bourgain's spaces and reduce the proof of The- 
orem ^ to the obtaining of nonlinear estimates in this framework. Section 0] consists 
in two parts. First we prove bilinear Strichartz estimates for the linear Schrodinger 
group on S^. Then we show that Theorem ^ holds for any three dimensional mani- 
fold on which these estimates are true. Section El also consists in two parts. First we 
prove trilinear Strichartz estimates for the linear Schrodinger group on the product 
manifold x and then we show that Theorem ^ holds for any three dimensional 
manifold on which these estimates are true. An appendix is devoted to the proof of 
the optimality of the quintic threshold. 

Acknowledgements. We are grateful to J. Bourgain for sending us his manu- 
script 15 and H. Koch and D. Tataru for interesting discussions about spectral 
projectors. 

2. Multilinear eigenfunction estimates 

In this section we prove Theorem 121 and more generally the corresponding result 
for spectral projectors on arbitrary compact manifolds. 

2.1. On the optimality of the estimates. — We first consider the optimality 
of 1)1.5(1 in the case d = 2,3. Let us see S'^ as a hyper-surface in M'^"'"^, i.e. 

5'^ = {(xi,...,a;rf+i) GM^+i : xj + ■ ■ ■ + xj^, = 1} . 
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Let us define the highest weight spherical harmonics Rp = {xi + 1x2)^ which con- 
centrate, for p » 1, on the closed geodesic (a big circle) + = 1. An easy 
computation shows that 

d-l 

WRph^sd) ~ P * , p > 1. 
Clearly RpRg = Rp+q and therefore there exist constants C, C such that for every 

WRpRqWl^iS^) > C{p + q)~^ > C(min(p,g))~||i?p||^2(sd)||i?g||i2(5.d) • 

Therefore, for d = 2,3, estimate (|1.5() turns out to be optimal, modulo the logarith- 
mic loss in 3d. In the same way, since RpRqRj. = Rp^g^r^ estimate H1.6() is optimal 
by testing it on Rp, Rq and Rr. 

Let us now consider the case d > 4. In this case the optimality of (|1.5|) is given 
by the zonal spherical harmonics. Let us a fix a pole on S"^. If we consider functions 
on S"^ depending only on the geodesic distance to the fixed pole, we obtain the 
zonal functions on S"^. The zonal functions can be expressed in terms of zonal 
spherical harmonics which in their turn can be expressed in terms of the classical 
Jacobi polynomials (see e.g. |22j ). Using asymptotics for the Jacobi polynomials 
(see 1211,^ Lemma 2.1]) we can obtain the following representation for the zonal 
spherical harmonics Zp of degree p, in the coordinate 6, 

(2.1) Zp{9) = C {sin 9)" ^\cos[{p + a)9 + P] + -^^}, - < 9 < tt - - , 

I p sm 9 ) p p 

where a and (5 are some fixed constants depending only on d. Moreover, we have a 
point-wise concentration 

(2.2) \Zp{9)\^p^, 9i[c/p,T:-c/p] 
and ||Zp||j;^2(5d) 1. Let q ^ p. Then 

WZpZqWl,,^, = r zl{e)zl{e){s\n9Y-^d9 > f^' Zl{6)Zl{e){s\n9Y-^d6 . 

Jo Jc/q 

Using (|2.2jl . we get 

> Cp''-^ Zl{e){sm9 f-U9. 

Jc/q 

In view of (|TT|) . 
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where 



j-c/p Q 2 /"C/P 1 C C 

/ cos\p + a)e + (3]d9 > - and h = ^ , . ^.^ dO < - < - . 
Ic/q P Q Jc/q [smt))^ q p 



d-2 



Therefore 

(2.3) ||ZpZg||^2(5d) > Cp"^ ^||Zp||^2(5d)||^q||^2(5'd), 
if p <^ q. Let finally p ^ q. Using (|2.2j) . we get 

(2.4) ll^p^gllia > ^/('^-i) r'\sinef-Ue > Cp^C'^-i) p-"^ = Cp' 

JO 

Therefore, collecting (|2.3|) and (|2.4j) . we obtain 

\\ZpZq\\L2(^S'i) > C'(min(p,g))~||Zp||^2(sd)||Zg||^2(5.d) 

which proves the optimality of (|1.5() . for d > 3, modulo the logarithmic loss in 3d. 
Let us finally notice that similarly we can prove that for p > q > r 

d-2 d-1 

||ZpZqZr.||i2(5.d) > Cg 2 r 2 ||Zp||^2(5d)||Zg||^2(5d)||Zr||i2(5.d) 

which proves the optimality of H1.7|l . for d > 3, apart from the logarithmic loss in 
3d, and the optimality of (|1.8j) apart from the r/ shift. 



2.2. A first reduction. — Let {M,g) be a compact smooth Riemannian manifold 
without boundary of dimension d and A be the Laplace operator on functions on M. 
It turns out that estimates (|1.5|) . (|1.6() and H1.8() can be deduced from the following 
more general result. 

Theorem 3. — Let x ^ ^(M). For A G M, denote by xx = xiV^^ - A) the 
approximated spectral projector around A. There exists C such that for any A, /i > 1, 

(2.5) Wxxf Xii9\\L2{M) < C'A(c^,min(A,^))||/||i2(M)lbllL2(Af) ■ 

Moreover, in the case d = 2, for any 1 < A < ^ < j^, f,g,h(^ L'^{M), the following 
trilinear estimate holds 

(2.6) \\XxfXfM9Xi^h\\L^M) < C(V)^ll/llL2(M)||5llL2(M)||/i||L2(M)- 

Finally, in the case d = 3, for any 1 < A < /i < z^, f,g,h G L'^(M), rj g]0, 1], the 
following trilinear estimate holds 

(2.7) WxxfXf^gxMl^M) < Cv^^'''l^^'^''\\f\\L^M)\\9\\L2{M)\\HL2{M)- 
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Remark 2.1. — If one is only interested in estimates for single eigenf unctions, the 
hounds provided by Theoreni\^ seem to be relevant for "sphere like manifolds" but 
they are far from the optimal ones in the case of the torus. For example, the classical 
result of Zygmund says that there exists a constant C such that for every couple 
of eigenf unctions of the Laplace operator on the torus T^, one has 

ll/9llL2(Tr2) < ^11/11^2(^2)115(11^2(^2) . 

We refer to Bourgain 3 for further extensions of Zygmund 's result. 

A first reduction in the proof of Theorem |2l is that it suffices to prove it for one 
fixed non trivial function x- 

Lemma 2.2. — Suppose that the assertion of Theorem\^ holds for a bump function 
X £ 5(M) which is not identically zero. Then it holds for any other choice of the 
bump function. 

Proof. — Suppose that (|2.5|) holds for a nontrivial x S 5(M). Then, there exists 
xo G K such that xi^o) / and moreover there exists 5 > such that x{x) / for 
x G M satisfying |x — xo| < 25. Using a partition of unity argument, we can find 
G C^(K) supported in{xGM:|x|<^} such that 

(2.8) ^^{x -n6) = 1. 

Thanks to the support properties of ^ and Xi we can write 

ijj{x — n6 — X) 



(2.9) i;{x - n6 - X) = x{x + xo -n6 - X) . 

Xyx + xq — no — X) 

Notice that the second factor in the right hand-side of (|2.9j) is uniformly bounded. 
Therefore, using that (|2.5|) holds for x^ we obtain the estimate 



(2.10) \m^/^ -n6- X)if) ijiV^ -m6- /u)(5)||l2 < 

< CA(d,min(|n| + A, |m| + fJ-MfhAldh^ 
Let us now take an arbitrary function xi G 5(M). Using (|2.8j) . we can write 

(2.11) Xi(^^ -^)f = Yl ^(^^ -n6-X) XiiV^ - X)f . 

Let ip G C7o°(M) be equal to one on the support of ^. Then clearly 

(2.12) \x,{x-X)i,ix-X-n5)\ < —-^ ,„^,f^, ^ ^ < 



(1 + |x - A|)^(l + |x - A - n6\)^ ~ (1 + \n\) 



N 
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Using the expansion H2.11() together with (|2.1U|1 and 1)2.12^ yields 

11X1(7^ - A)(/) xi{^ - /x)(ff)||L2 

CArA(d,min(|n| + A, |m| + ^)) 

< A. (l + |n|)^(l + |H)^ "^"^^"'"^^ 

<CA((i,min(A,^))||/|U2||5|U2. 

Hence ()2.5p holds for xi- The proof of the independence of (|2.6|) and H2.7|) with 
respect to the bump function x is very similar and thus we will omit it. □ 

2.3. Reduction to oscillatory integral estimates and main properties of 
the phase function. — Following {24.. Chap. 4] , thanks to Lemma 12.21 it is 
sufficient to prove Theorem |31 with x such that xi'^) is supported in the set 

{r G M : e < r < 2e}, 

where e > is a small number to be determined later. We can write 

f2£ 



For e ^ 1 and |t| < 2e, using a partition of the unity on M, we can represent e*'^^^'^ 
as a Fourier integral operator (see e.g. |15j). Therefore xa can also be represented 
as such. After a stationary phase argument (see |241 Chap. 5]) we can represent 
Xa/ as follows. 

Lemma 2.3. — There exists Eq > such that for every e E]0,eo[; every N > 1, we 
have the splitting 

(2.13) Xxf = ^^Txf + Rxf, 

with 

\\Rxf\\HHM) < C^iv,fcA'=-^||/||i2(M), k = 0,...,N. 
Moreover there exist 5 > and, for every xq G M , a system of coordinates V C , 
containing G such for x , \x\ < 5, 

Txfix) = f e'^^^^'y^a{x,y,X)f{y)dy 

where a{x,y,X) is a polynomial in X^^ with smooth coefficients supported in the set 

{{x,y) eV xV : \x\ < 5 ^ < \y\ < Ce} 
and —ip{x^y) = dg{x^y) is the geodesic distance between x and y. 
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Remark 2.4- — Let us notice that one can use x(— A^-'^A — A) as approximated 
spectral projector instead of xW~^ ~ '^)- Iit- that case one should use semi-classical 
calculus for the approximation 0/ exp(itA~^ A), A ^ 1, as we did in [5]. 

In view of Lemma 12.31 to prove ()2.5|) , it is enough to show 

(2.14) \\TxfT^g\\L2<CA{d,X){Xfi)-'^\\fh2\\g\\L2, 

uniformly for 1 < A < /x. Indeed, using (|2.13() . one has to evaluate in the products 

T\f Rf,g, RxfT^g Rxf Ri,g- 

The products involving R^ are straightforward to estimate while for R\f T^g, using 
the boundedness of x^t, we write 

WRxfT^gh^ < c\\Rxf\\L^\M\L^ < c^a-V'^II/IIl^II^IIl^ • 

Furthermore, we notice that once (|2.14|) is proved (at least for d = 2), to prove (|2.6|1 
it is enough to show that for d = 2, 

mfT^gTMi^ < C{Xfi)-'^u-'2\\f\\^4g\\^4h\\L2, 

uniformly for l<A</i<z^. In this case there are more remainder terms to 
estimate. The most difficult one is Rxf T^gTi,h. This term can be evaluated, by 
using 1)2. 14() for (i = 2, as follows 

\\RxfT^gT,h\\L^ < \\Rxf\\L^\\T^9TML^<CNX-^l^-'*i^-'^\\f\\L49\\L4h\\L^- 
Similarly, to prove ()2.7|) . it is enough to show that for d = 3, 

mfT^gnh\\L2 < CX-y--2+Vu~4f\\L2\\gh2\\h\\L2, 

uniformly ior 1 < X < fi < u. In this case, we estimate Rxf T^gTyh, by another use 
of as follows 

\\RxfT^gT,h\\L2 < \\Rxf\\LAT^.gTML^ < 

< CNX-''\0g^'\^i)^l-"2u-4f\\MLA\HL^ < 

<Cn,^X''' ^,~'2+^V-4f\\L2\\g\\L2\\h\\L2 , 

where 77 > 0. 

Next, we represent y in geodesic (polar) coordinates as y = expQ(ra;), r > 0, 
LO G S'^~^ . For < and uj E S"^~^, we define the frozen phase ipr, 

ifrix,uj) = ^{x, expo(r'w)) . 
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We now state the main property of the phase ipr- 

Lemma 2.5. — There exists e > such that for every r G [e/C, Ce], every 

00 = (wi,... ,a;rf) G S'^-^ C 

we have the identity, 

Proof. — The proof for d = 2 is given in |5]. The extension to an arbitrary d is 
straightforward as we explain below. For e <C 1, let y = expQ(ra;), r = —ip{0,y) and 
u = u{x, y) G TyM be the unique unit vector in the tangent space to M at y such 
that 

expy(-(/?(x,y)u(2;,y)) = x. 
Differentiating with respect to x this identity, we get for x = 0, and any h G TqM, 

(2.15) h = -go y) , Tru{o,y) (exp^) • ^(0, y) 

+ Tru{o,y) (expj^) (r r^M(0, y)-h), 

where T denotes the tangential map. 
On the other hand, we have 

(2.16) T,.„(o,j^)(expj^) • -^(0,2/) = -tj or u{Q,y) = -Tr^(exj£>Q)(u}). 
Consequently, using Gauss' Lemma (see \12\ 3.70]), we get 

(2.17) 50 {^ru(S),y) (expj^) (r T^u(0, y) ■ h) , u?j = . 

Let us now take the scalar product of 1)2. 15(1 with uj. Collecting ()2.15|) . ()2.17|) 
and (j2lfi|l yield 

go(w, /i) = 5o(Vx(/'(0,y) , /i), \/heToM 
which completes the proof of Lemma 12.51 □ 

Let us notice that there exists a smooth positive function K(r, to) such that dy = 
K{r,uj)drduj. For r G [^,Ce] and A > 1, we define the operator TJ, acting on 
functions on S'^~^ via the identity 

{Ty){x)= [ e^^^'-(-'-)a,(x,a;,A)/(a;)du;, 

where ar{x,uj,X) = K{r,uj)a{x,expQ{ruj), X). Then clearly 

{Txf){x) = / {T{fr){x)dr, 
Jo 
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where /r(w) = f{r,uj). Similarly, with = g{q,uj), 

j-Ce fCe 

iT,fT^g){x) = / / {Tlfr){x) {T^,g,){x)drdq, 
Je/C Je/C 

and the Minkowski inequality shows that (|2.5|) will be a consequence of 

(2.18) \\TUT^^9\\l^ < CA(d,A)(A^)-^||/||i2(5.-i)||ff||^2(5.-i), 

uniformly for 1 < A < /x and r, q G Ce]. 
Similarly, to prove H2.6|) . it is enough to show 

(2.19) WTlfT^^gTML^ < C(A^)"^^-^ ||5||l2(si) 

uniformly for 1 < A < /x < z/ and r, q, s G [fj, Ce]. 
Finally, to prove ()2.7p . it is enough to show 

(2.20) \\TlfT^gT^h\\L2 < CA" V^+V-^ ||<7||l2(s2) 

uniformly for 1 < A < /x < and r, q, s G Ce]. 
Fix a point to G S"^~^. The set 

is a smooth hyper-surface in W^. Indeed assuming for instance ui = (1,0,... ,0), 
then {wi = 002,. . . , ,Wd-i = u)d) is a system of coordinates on S'^~'^ and according 
to Lemma 12.51 V^V^V^r has rank d —1. 

Following Stein j25| and Sogge |24j . we now state the crucial curvature property. 

Lemma 2.6. — The hyper-surface Sx has non-vanishing principal curvatures: for 
w G W^~^ a local coordinate system near to G S'^~^, if we denote by ±n{x,w) the 
normal unit vectors to the surface Sx at the point V x^r{x,w), then for x close to 0, 



(2.21) 



,2 



d' 

det (- — - — Vx'^r{x,w),n{x,u))) 

i,j OWjOWi 



> c> 0. 



Proof. — The relation (|2.21|) is equivalent to the fact that 

w n{x, w) G S'^~^ 

is a local diffeomorphism. Indeed, dropping the x variable for conciseness and de- 
noting by 

M(w) = Vx^r{x,w), n{w) = n{x,w), 
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we have 

,dM , , d'^M ^ ,dM dn 



dwi ' dwidwj ' dwi ' dwj 

As a consequence, the determinant in ()2.21|) is non vanishing if and only if the system 
of vectors is of maximal rank in Ty^Sx- We deduce that (|2.21|) is independent 
of the choice of coordinates w and it suffices to prove it for a particular choice of a 
coordinate system near lj. We can suppose that uj_= (1, 0, . . . , 0) and we choose as 
coordinates 

■w= {wi,.. .,Wd-i) := iuJ2, • • • , 
We can also assume that at the point {x = 0), the metric is diagonal, gij = 6ij. 
Using Lemma 1231 we get 

(2.22) (___v^.(^,(0, w),n{0, 0)> U=o= M 

and consequently (|2.21j) follows by continuity. □ 

Denote by (T^)* the formal adjoint of T^f. The kernel of the operator T^{T^)*, 
K{x,x'), is given by the relation 

K{x,x')= [ e''''^^^^''''"^'^^^'''''"^^ar\x,w,u)ar{x' ,w,u)dw . 



The curvature property of the phase (pr in Lemma [2.61 implies a dispersion inequality 
for the kernel K. 

Lemma 2.7. — There exist C > such that for any i' > 1, 
(2.23) \Kix,x')\ < ^ 

{1 + 1^\X — X'\) 2 

Proof. — Let us write a Taylor expansion 

(Pr{x, w) — ipr{x' , w) = {x — x' , tpi^X, x' , w)) 

where ^ 

ipix, x' ,w) = [ V x^t{x + 0{x — x),w)d6 . 

With a = ,^~^n 1 we can write 







(Pr{x., w) — ^Pr{x' , w) = \x — x'|$(x, x' , CJ, w) 

where 

^{x, x' , a,w) = {a, Tpi^Xjx' ,w)) 
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Now we want to prove, with \ = v\x — x'\, 

\K{x,x\a)\ < 

(1 + A) — 

where 

(2.24) K{x, x', a) = j e*^*(^'^''''"'"')a^(x, w, i/)o^(x', w, u)dw . 

From the definition of the normal n(x, w), we have V^<I> = for x = x' = 0, it; = 0, 
a = ±n(0, 0). According to the curvature property (|2.21j) . we have det(V^^>) ^ 
for X = x' = 0, w = 0, o" = ibn(0, 0). From the imphcit function theorem, there 
exist K > 0, such that if 

(2.25) |ct - n(0,0)| < K or |CT + n(0,0)|<K 

then the phase ^>(x, x', a, ti;) has a unique non-degenerate critical point w{x^x',a) 
and, by stationary phase, under the assumption 1)2. 25() . the kernel 1)2. 24() is bounded 
by C (1 + A) 2~. Let us next assume that 

(2.26) |o--n(0,0)| > K and |a + n(0, 0)| > k . 
Then for w close to and |x| small enough, we obtain by continuity 

(2.27) \a - n{x,w)\ > k/2 and \(t + n{x,w)\ > k/2 . 

The kernel of V wVr[x,w) is one dimensional and spanned by n{x^w). Coming 
back to the definition of we deduce that 1)2. 27() implies (for |x'| small enough) 

|V^$(x,x',cr, tt;)| > c > 0. 

Consequently, integrating by parts in 1)2. 24|) . we obtain that under the assumption 
the kernel (j^M is bounded by Cn (1+A)~^ which is even better than needed. 
This completes the proof of Lemma 12.71 □ 

The second property of the phase we need is the following: 

Lemma 2.8. — Let x = (t, z) G M x M*^"-^ where t = xi and z = (x2, • • • , x^). Then 
for every 

with wi 7^ there exist a neighborhood U C S'^~^ of lj, e > and 6 > such that, 
for e/C < r < Ce and \x\ < S, the phase ipr{t, z,w), where w G R'^"-'^ is a local 
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coordinate in U, is uniformly non degenerate with respect to {z,w). More precisely 

(2.28) detf%%£l^) >c>0. 

Proof. — Since (|2.28|1 is independent of the choice of coordinates w, it suffices to 
prove it for a particular choice of a coordinate system near oj. 

For uj = {uji,ui2, . . . ,u!d) £ S'^^^ in a small neighborhood of uj_, we choose w as 

■w = {wi,.. .,Wd-i) := (u;2, • • • , w^) 

which is a coordinate system thanks to the assumption uJi ^ 0. We can also assume 
that at the point (i = 0, z = 0), the metric is diagonal gi^j = Using Lemma 
we get 

(2.29) ^Jd\At.^M 



= 1. 

(t,2,W)) = (0,0,W)) 



i,j \ dzjdwi 

We now obtain ^^TTE^ from ((T^ by continuity. □ 
We next state a corollary of Lemma 12.81 

Lemma 2.9. — Let ui^^\ . . . ,ui^^^ be N points on S'^~^ . Then there exists a split- 
ting of the variable x = {t, z) G MxM'^"-'^ and neighborhoods Uj C S'^~^ , j = 1, . . . , N 
of u/-^^ such that (fr{t,z,w) satisfies i2.28\) . where w is a coordinate in UjLiUj. 

Proof. — Obviously, there exists a unit vector e such that 

e->V0, j = l,...,N. 

By performing a rotation, we can assume that e = (1, 0, . . . , 0) and consequently it 
suffices to apply Lemma 12.81 □ 

2.4. Linear estimates. — The dispersion inequality of Lemma 12.71 leads to the 
following estimate. 

Lemma 2.10. — Let {t,z) G MxM"'^"'^ be any local system of coordinate near (0,0). 
Then the operator 

g€Ll^ {T:)g{t,z) G L2(M,; L-(IRfi)) 
is continuous with norm bounded by C K{d,v)v~^'^~^^/'^ . 
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Proof. — Recall that 

(r;/)(t,z)= / e-'^'-(*'^'-)a,,(t,z,u;,z.)/Mdt«. 



Let consider the formal adjoint of defined as 

{T:ng){w) := I e— ^'■(*''-''-)a,(t', z' , w, u)g{t', z')dt'dz' 



According to the classical duality argument which reduces the study of to the 
study of T^(T^)* , it is sufficient to show that the norm of the operator 

is bounded by C[A{d, v)v~^'^~^^/'^^ . But according to Lemma 12.71 the kernel of this 
operator satisfies (|'2.2I'{|) and as a consequence, there exists C > such that for every 
1/ > 1, 

(2.30) \K{t,z,t\z')\< ^ 



1-1 

2 



(l + z^|t-t'|) 
Using H2.c{U() and the Young inequality, we get 

[ ds 

J\s\<c + — 

But clearly 

'Ciy-V2 ifd = 2 

Ci^-Hog{i^) ifd = 3 
Ci^-i if d > 4. 



L 



ds 

< < 



|s|<c (1 + iy\s\ 



1-1 

2 



It remains to observe that the right hand-side of the above inequality is equal to 
C[A{d, z^)i/^('^^-'^)/^]^ which completes the proof of Lemma I2.1UI □ 

In two space dimensions, we shall need the following extension of Lemma I2.1UI 

Lemma 2.11. ~ Let d = 2 and {t,z) G MxM'^-i he any local system of coordinate 
near (0,0). The operator 

geLl^ {Tl)g{t, z) e L^M^; L-(M,)) 

is continuous with norm hounded hy Cv^^l"^ . 
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Proof. — Similarly to the proof of Lemma I2.1U1 it is sufficient to show that the 
norm of the operator 

is bounded by Cv-^/"^. The kernel K{t, z, f, z') of Tl,{Tl)* satisfies the bound (ITHnjl 
with d = 2. From the Hardy-Littlewood inequality, 

f{t')dt' 



(2.31) 
Therefore 



{l + v\t-t'\ 



\\T:iT:rg\\^.^^<cu-^'^g\ ^ 

which completes the proof of Lemma 12.111 □ 

In the proof of (|2.2U|) . we need the following extension of Lemma l2.1Ul for d > 3. 

Lemma 2.12. — Let d > 3, p > 2 and {t,z) G M x R'^"^ he any local system of 
coordinate near (0,0). The operator 

geLi^ {T:)g{t,z) G L?'(Mt; L~(Mf i)) 

is continuous with norm hounded hy Cv^^^'p . 

the operator 

TliTir : L^Ll 
is bounded by Cv~'^I'p . Since for p > 2, 

1 



Proof. — Let p' be such that ^ + ^ = 1- It is sufficient to show that the norm of 



(l+l/|t|)'2' ^^(^^) 

using the Young inequality, we get the bound 

fit')dt' 



oo (l+z/|t-t'|)V 



LP 



which completes the proof of Lemma 12.121 thanks to the bound (|2.30|1 on the kernel 

ofr;(r;)*. □ 

Remark 2.13. — Notice that for p = 2, the proof ahove still works in dimensions 
d > 4. In the case p = 2, d = 3, we have the same difficulty as in the case of the 
end point Strichartz estimates on (see Remark \2.15\ helow). 
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A consequence of Lemma 12.81 is the following statement. 

Lemma 2.14- — Under the assumptions of Lemma \2.tA the operator 

geLl^ {T:g){t,z) G L-(Mt;L2(Mf 1)) 
is continuous with norm bounded by Cu^^'^^^^^'^ . 

Proof. — In view of 1)2. 28() . the statement of Lemma 12.141 which can be understood 
as a refinement of the boundedness of the spectral projector, is an immediate 
consequence of the following generalization of Plancherel's identity, which we borrow 
from 



Lemma (non degenerate phase lemma). — Let us consider G C°°(M" xK^] 
and a G C(f'(M" x W^) such that 

dzdw ' 

There exists C > such that for every A > 1, the operator T\ 



(2.32) {z,w) £ supp(a) =^ det 



-{z,w) 



(2.33) Txf{z)= e'^'^^''^'>a{z,w)f{w)dw 

satisfies, 

□ 

2.5. Multilinear estimates. — Let us first prove ()2.18|) . We can write 

^'^^^^'^''^^+'^'^''^''''^'^ar{x,u,X)ag{x,u;',^l)f{Lo)g{Lo')duJdio'. 



e 

Sd-i Jsd-i 

We need to evaluate the above expression in L^. After a partition of unity, we can 
suppose that on the support of 

ar{x, uj, X)aq{x, uj' , n), 

(w,w') is close to a fixed point (w'^^^ w*-^-*). We can therefore use the splitting x = 
(t, z) of Lemma [2. 91 with N = 2. Using Holder's inequality, Lemma [2.141 and Lemma 
I2.1U1 we infer 

WTunaW^Li < iin/iiL?Li<>ii7;'5iiLrLi <cA(d,A)(A/.)-^ii/ii^. 115^2. 

This completes the proof of ()2.18|) . 
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We next prove H2.19() . Let us write 
^ " Js^ Js^ Js^ 



51 JS^ JS^ 

ar{x, w, X)aq{x, u' , fj,)as{x, uj" , u) f {ijj)g{ijj')h{uj")dujduj' duj" . 

After a partition of unity we can assume that {oj" ,uj' ,u)) is close to a fixed point 
With the splitting x = {t,z) of Lemma IT^ with = 3, using 
Lemma 12.141 Lemma l2.11l and the Holder inequality, we get 

WTlfTf^gT^LUl ^ \\TmLiLT\\n9\\LiLT\\TuHLTLl 

< CA"3^"3l/-5 11/11^2 ||5,||^2||/j||^2 . 

This completes the proof of (|2.19p . 

We finally prove (|2.20j) . We can again use the splitting x = {t,z) of Lemma 12.91 
with N = 3. For p ^ 2 and q > 2 such that ^ + ^ = i, a use of Lemma 12.121 gives 

p g z 

the bound 

<CA-V-i+V-l||/||i2||5||L2||/i||L2, 

where = | • This ends the proof (|2.2Ujl and completes the proof of Theorem 12 □ 

Remark 2.15. — As pointed to us by Koch and Tataru pOj . another approach to 
these multilinear estimates would be, after a suitable micro-localization, to particu- 
larize one variable (t in the exposition above) and see the equation satisfied by the 
approximated spectral projector 

(A + A2)xA(n)=Oi2(A) 

as a semi-classical evolution equation of the type 

{ihdt + Q{t, z, hD,))xx{u) = Ol2 (h), h = A-i . 

Then Lemmas \2.10\. WA1\ are simply the (semi-classical) Strichartz estimates which 
can be proved by using the approach in [5]. 

3. Preliminaries to the proof of Theorem ^ 

In this section (Af, g) is an arbitrary Riemannian manifold of dimension d. Our 
first purpose is to introduce the basic localization operators Ajv and A^r/^ which are 
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naturally related to the Sobolev spaces and the Bourgain spaces on M respectively. 
We establish some basic bounds related to A^r and Atvl. The main purpose of 
this section is to show that the well-posedness of the Cauchy problem in the 
Sobolev space H^{M) is a consequence of nonlinear estimates in the Bourgain spaces 
associated to the Laplace operator A. This reduction is now classical (see e.g. jl4|). 

3.1. Bourgain spaces and basic localization operators. — Since M is com- 
pact, A has a compact resolvent and thus the spectrum of A is discrete. Let 
e/j € L^(M), /c G N be an orthonormal basis of eigenfunctions of A associated to 
eigenvalues A^. Denote by Pk the orthogonal projector on Ck- The Sobolev space 
H^{M) is therefore equipped with the norm (with (x) = (1 + 

Mh{M) = ^{>'ky\\Pku\\l2(^M)- 
k 

The Bourgain space (or conormal Sobolev space) ^'''^(M x M) is equipped with the 
norm 

k 

where Pku{T) denotes the Fourier transform of P^u with respect to the time variable. 

Let us first recall that for 6 > 1/2 the space X'^'^(]R x M) is continuously embedded 
in C(M ; H'{M)). For e C^(R x M), we write 

For 6 > i, we get by the Cauchy- Schwarz inequality, applied in r, 

(3.1) {\ky'\Pku{t)\ <c[j^ i^kVir + Afc)2''|IVi(T)pdT| ' . 

Squaring 1)3. 1(1 . integrating over M and summing over k yields, 

(3-2) \\u\\l°°{r-H''(m)) < C'll^llx''.''(RxM)' ^ 2' 

For u € C°°{M) and > 1, we define the projector Ajv as 

An{u):= Y1 PkU. 

k:N<{\k)^ <2N 

We now state a basic bound for Ajv. 
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Lemma 3.1. — There exists a constant C such that for every q G [2,oo], every 

l|Aiv(n)|U,(M) < c m-i\\^N{u)\\mM) ■ 
Proof. — The assertion clearly holds for q = 2. We next prove it for q = oo. Let us 
write An = Ylf=o^ , where 

(3.3) ^N,j:= J2 

k:N+j<(Xk)^<N+j+l 

Due to the Weyl estimate (see Lemma 

\\^N,j{u)\\Lo^(M) < CN^\\Anj{u)\\l2(^m) 

and due to the triangle and Cauchy-Schwarz inequalities 

\\An{u)\\l°o{m) 

N-l 1 N-1 1 

< civ^( 5^ \\^NA^)\\hmy {J2 1')' = CN-2\\AN{u)h.iM) ■ 

j=0 j=0 

By Holder's inequality, this completes the proof of Lemma l3. 11 □ 
For > 1 a dyadic integer, i.e. = 2", n G N, we define the operator Sn as 

Sn ■= ^ An-i, 

Ni<N 

where the sum is taken over all dyadic integers A^i smaller or equal to A^. We also 
define Si by Si(u) := 0. 

2 2 

Next, for u G C^(M x M) and N,L positive integers, we define the localization 
operators Aat^ as 

AnUu):=:^ V / KuiT)e''^dT. 

1 JL<{T+\k)<2L 

It is easy to check that A^l is a projector. It follows from this definition that for 
every s, h there exists C > such that 

c 

and 



(3.4) -^\\ANL{u)\\xs,b^^^.^M) < L ^1|Aa^l(^^)IIl2(MxM) < C\\ANL{u)\\xs,b{^^-^M) ' 

and 

(3.5) i^L2^Ar2«||A;vL(n)||i2 < ||n||^.,. < cY^L^^N^'WANLml^ , 



C 

N,L N,L 
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where the sums is taken over all dyadic values of N and L, i.e. = 2", L = 2\ 
n, Z G N. We now state a basic bound for IS.nl- 

Lemma 3.2. — There exists a constant C such that for every p,q £ [2,oo], every 
u G L2(M X M), 

1_1 d_d 

||AAri(u)||iP(K.i9(M)) < v N || AArL(n) ||i2(iRxM) • 

Proof. — Since AtvAjv^ = A^l, a use of Lemma IXTl yields 

\\^Nl{u)\\lv(^M.-Li(M)) <CN2 i\\Anl{u)\\lp{R-l2(M))- 

Therefore, we only need to consider the case q = 2. Using that Pku{T) = Pku{T), 
we can write 

2 

l|AiVL(t^)(t)|li2(M)<^^ E / / /U(r)e**^a!r 

1 Jm JL<(T+Afe)<2L 

k:N<{Xi,)^<2N 

Since the integration over r is on a region of size L, using the Cauchy-Schwarz 
inequality in r and the Plancherel identity yields 



P POO 

|A^L(n)(t)||i.(M)<CL Yl / / \Ku{T)\'dT<CL\\u\\l,^ 

1 J M J —oo 



IxM) ■ 



k:N<{\k)^<2N 

Applying the last inequality to Anl{u) instead of u and using that A^i is a pro- 
jector gives 

\\^nl{u)\\l°°{r-l'^{m)) < C L'2\\Anl{u)\\l-2(rxM) ■ 
The assertion of the lemma trivially holds for p = q = 2 and therefore the proof of 
Lemma 13.21 is completed by Holder's inequality. □ 

3.2. Reduction to nonlinear estimates in Bourgain spaces. — The starting 
point is to consider the integral equation (Duhamel form) 

(3.6) u{t) = e^'^uo - i f e'^'-^'>^F{u{T))dT . 

Jo 

At least for classical (smooth) solutions u the integral equation (|3.6j) is equivalent to 
(jLljl . For that reason we solve 1)3. 6|) by the Picard iteration in a suitable functional 
setting and thus we get solutions of 1)3. 6(1 . Notice that this is achieved classically if 
s > 3/2 by taking X = C([— T, T]; H^{M)). Therefore we shall restrict the study to 
the case s G [1, 3/2]. In this case of low regularity solutions of 1)3. 6|) the information 
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we have for u and F{u) should be strong enough to conclude that we get solutions 
of (|rT|) too. 

For T > 0, we define the restriction space X^^ := X''^{[-T,T] X M), equipped 
with the norm 

||n||^i,,6 = inf{||tf lljfs,!,, w € X^''' with w\[_'j',t] = u}- 

For b > 1/2, the space X^^ is continuously embedded in C{[—T,T] ; H^{M)) (see 
(|.S.2|) ) and X^^ will be the space for the solutions of (|,3.6|) on [— T, T]. The next 
proposition contains the basic reduction to nonlinear estimates in X*'^. 

Proposition 3.3. — Assume that there exists {b,b') £ M? satisfying 

(3.7) 0<b' <^<b, b + b' <1 

such that for every s G [1,2) there exists a constant C and p such that for every 

(3.8) ll-^(^)llx=>-'''{RxM) ^ '^i} + ll^llxi'^CRxM)) ll^llx-.i'CRxM) i 

and for every u,v £ X*''', 

(3.9) ||F(n)-F(t;)||^„_„(K^^) < 

C(l + lhllx'=.'>(KxA/) + ll'^llx''.i'(RxM)) 11^ ~ (RxM) • 

Then 

1. For every bounded subset B of H^{M) there exists T > such that if uq £ B 
then there exists a unique solution u of \S. fij) on [—T,T\ in the class X^'^. 
Moreover the map uq u £ C{[—T,T]; H^{M)) is Lipschitz continuous on 
B. 

2. If in addition uq £ H'{M) then u £ C{[-T,T] ; H'{M)). 

3. The function u is a solution of hl.l\) in the distributional sense. 

4. If in addition we suppose that V{z) > — C(l + \z\)^ , /5 < 2 + A/d then the 
results above hold for any arbitrarily large T. 

5. For Uq £ H-'iM), s > 3/2 the solution is unique in C{[-T,T] ; H''{M)). 

Proof. — Let G C^{^) be equal to 1 on [-1, 1]. The identity 
||V'(t)e**'^ ■uo||x=>f'(RxM) = \\'^\\h''{K)\Wo\\h^{m) 
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follows from the definition of X*'''(]R x M) and therefore for T < 1 



(3.10) 

The bound 



JtA 



(3.11) i;{t/T) f e'^'-^^^F{T)dT 

Jo 



< cr^"*"'''||F| 



(RxM)' 



holds for T < 1 and (6, b') satisfying 1)3. 7|) . Indeed (see Proposition 2.11]) estimate 
(|3.11|) follows from the one dimensional inequality 



(3.12) 



\m/T) / g{T)dT\\H,,^. < CT 



1-6-6' 



\9\\H-b'i 



A proof of H3.12() can be found in jl4j . 

Using (|3.11|) and the assumptions of the proposition we obtain the estimates 



(3.13) 

and 

(3.14) 



f e^^'~^)^F{u{r))dr , < CT^-'~'' {l + Wuf )\ 

Jo T 



\U\\ ys.b 



{F{u{t)) - F{v{T)))dT 



< 



X, 



s,b 



+ V 



X. 



s,b ) 



\U — V\\ ^3,b 



provided T < 1 and (6, b') satisfying (|3.7|) . Let i? be a bounded subset of H^(M). It 
results from (|3.1()|) . (|3.13|) and (|3.14|) with s = 1 that there exists T <C 1 such that 
for every uq & B the right hand-side of (|3.6() is a contraction in a suitable ball of 
X^^ with a unique fixed point which is the solution of (|3.6j) . The uniqueness in the 
class X^^ and the Lipschitz continuity of the flow map follow from (|3.14() . Suppose 
now that uq G H^{M). Then as before it follows from (TTrni) . ^^TV^ and (1X1111 that 
we can find T <T such that we can identify u|j_^^j as the unique solution of (|3.6)1 

on [-f,f] in the class Xl''' C In particular u{t,-) E H'{M) for t £ [-f,f]. 

Then by a bootstrap and the tame estimate ()3.13|) we conclude that u{t, •) £ H^{M) 
for t G [— T, r]. Thanks to (|3.8j) . we obtain that F{u{t)) G X^' * and since 6' < 1/2, 
we infer that 



dt 



-itA 



JO 



F{u{T))dT 



-itA 



F{u{t)) 



in the distributional sense which implies that n is a solution of the original PDE (|1.1|) 
in the distributional sense. If uq G H^{M) then, thanks to the propagation of the 
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regularity assertion, one can take the scalar product of with u and ut and it 
results that the conservations laws hold. If uq € H^{M), we can approximate 
in H^{M) the function uq with a sequence (tio,n) such that iio,n £ H'^{M). If we 
denote by the corresponding solutions of thanks to the propagation of 

the regularity we obtain then Un{t) enjoy the conservation laws H1.3|) for t on the 
time of existence of u{t). Finally we can pass to the limit n ^ oo and thanks to 
the continuity of the conservation laws functionals, we deduce that u{t) satisfies 
the conservation laws (|1.3|) . If we suppose that V{z) satisfies V{z) > — C(l + \z\)^, 
f3 < 2 + 4/d, using the Gagliardo-Nirenberg inequalities, we obtain that there exists 
9 e]0,2[ such that 

/ V{u{t))>-CMt)\\i^'\Ht)\fm-C. 
Jm 

Therefore, the conservation laws H1.3|) yield a bound independent with respect to t 
for ||it(t)||_H'i(Af) which allows to reiterate the local existence argument and thus to 
achieve the existence of u{t) on an arbitrary time interval. Finally, thanks to the 
Sobolev embedding H^{M) C L°°(M), s > 3/2 and the propagation of regularity, 
we easily obtain that if uq G H^{M), s > 3/2 then the uniqueness holds in the class 
C{[-T, T] ; H\M)). This completes the proof of Proposition E31 □ 

With Proposition 13.31 in hand the assertion of Theorem ^ follows from the following 
statement. 

Theorem 4- — Let M = or M = Sp x endowed with the standard metrics. 
For every 1 < a < 5 and s G [1, 2) there exists (6, b') £ satisfying J^. 7\) such that 
and ^EIB hold. 

The next two sections are devoted to the proof of Theorem ^ 

4. Bilinear Strichartz estimates and applications 

In this section we prove Theorem |3] for M = with the standard metric. 

4.1. Bilinear Strichartz estimates on S^. — In the case M = the eigenval- 
ues of — A are = A;^ — 1, A; > 1 and this fact plays a key role in the analysis. The 
starting point is the following bilinear improvement of the Strichartz inequality 
on 5^ established in [5]. 
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Proposition — For every interval / C M, every e > there exists a constant 
C such that for every Ni , ^ 1 , every /i , /2 G (M) , 

2 2 

3=1 i=i 

Proof. — By a time translation we can suppose that / = [0,T]. Moreover, for 
/ G L^(M) the function e**'^/ is periodic with respect to t and therefore it suffices 
to give the proof with T = 2tt. Let us write 

2 

Using the Parseval identity with respect to t we get 



lL2([0,27r]xM) 
j=l T&L r=Aft^+Afe2 



L2(M) 



where the summation over (^1,^2) is restricted to < (Xkj)^ < 2A''j, j = 1,2. 
Applying the triangle inequality for the (M) norm, the Cauchy-Schwarz inequality 
in the summation over {ki,k2), and the bilinear estimate of Theorem [2 for d = 3 
yields that for every e > 0, 

2 

iine'*^(A^./.)ii 

i=i 

2 

< Ce (min(iVi,iV2))i+^ supaN,,N2{r) H \\ANjj\\l2(^M) . 

where 

a7Vi,7V2(r) = # {(A:i, h) G : t + 2 = kf + kj, N, < (Afc^.)i < 2iV,-, j = 1, 2} . 

We claim that a7Vi,Ar2(''") ^ CeN^. Indeed this follows from the next lemma. 

Lemma 4. 2. — For every e > there exists C > such that for every positive 
integers r and N , 

(4.1) #{(A:i,A;2) G : iV < A;i < 27V, kl + kl = t] < CN^ . 
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Proof. — This lemma already appeared in |S] (see [SJ Lemma 3.2]). We recall the 
proof. For r < lOA^^ it follows from the divisor bound in the ring of Gaussian 
integers which is a Euclidean division domain. For r > lOA^^ there is at most one 
value of (/ci, /C2) satisfying the imposed restriction since in this case k2 should range 
in an interval of size smaller than one. Hence for r > lOA^^ the left hand-side of 
(|4.H) is bounded by 1. This completes the proof of Lemma 14.21 □ 

Proposition 14.11 now readily follows from Lemma 14.21 □ 

4.2. Using bilinear Strichartz estimates. — From now on we simply assume 
that M is a three dimensional compact manifold satisfying Proposition 14.11 Pro- 
ceeding as in 13 Section 3.2] one can show, for instance, that three dimensional Zoll 
manifolds have this property. As a consequence it can be remarked that in fact 
Theorem n holds for any such manifold. 

First we deduce from Proposition 14.11 the following bilinear estimate in the X*''' 
context. 

Proposition 4- 3- — For every e > there exist P < ^ and C > such that for 
every Ni,N2, ^1,^2 > 1, every ui,U2 G L^(M x M), 

2 2 

|inA^,L,K-)IL2(j,,M)<^(^i^2)^(min(iVi,iV2))5+-nil 
i=l j=l 

Proof. — Let us suppose that A''i < N2. Using Lemma lT^ and the Holder inequality 
we can write 



(4.2) |in^^.^.(^:'-)|L.(MxM)< 
j=i 

< \\^NiLiiui)\\Li(^.Laa(^M))\\^N2L2{u2)\\Li{R;L^{M)) < 



<CN^{L^L2)-^ll\\ 

^NjLj{uj)\\L2(^^M) ■ 

Estimate (|4.2j) is better than the needed one with respect to the Lj localization but 
is far from the needed one with respect to the Nj localization. 

We now estimate || nj=i A^jij(%)|lL2 means of Proposition 14.11 It is indeed 
possible thanks to the following lemma. 
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Lemma 4-4- — Por every b every 6 > 0, there exists Cb^s such that for 

every ui,U2 £ X^'''{R x M), every 1 < A'^i < 

2 1+5 ^ 

IIJI AAr^,('Uj)||^2(]RxM) - ^M^l' n ll^^j(^i)llxO.('(RxM) • 

j=i i=i 
Proof. — Let us set Vj{t) := e'^^^A]\j^{uj){t), j = 1,2. Then we can write 



1 f °° 



Therefore 

2 -1 /"rvn /»rv~i 2 



■ 1 J ~ 00 J — 00 ■ 1 



Using the triangle inequahty and Proposition 14.11 gives that for every unit interval 
/ C M, every (5 > there exists such that 

^ ^ 

II JJ A^^.(nj-)|L2(jxM) ^ ^S^l / / n ll^-(^i)lli2(M) dTidT2 . 
j=l J -co J -co 

Hence using the Cauchy-Schwarz inequality in (ti,T2) gives for 6 > 1/2, 
2 ^ 2 

^ ^ 2 

= Cb^sN-^ II AAr^,(nj,-) 11x0,6 (RxM) . 

Using a partition of unity, we can find a ip £ Cg°(M), supported in [0, 1] such that 
(4.4) A^.(n,)(t) = Y,i^{t-^)^N,iu,{t)) = ^A^^(V'(t- ^)n,-(t)) . 

Notice that if for u £ X°'\R x M), 6 G [0, 1], we set ti„(t) = 7p{t - §)u(t) then 

(^•5) ll^^llxO-fcCRxAf) - ^ll^llxO-fcCMxA/) • 

riGZ 

Indeed (|4.5() is straightforward for 6 = and 6=1 and it follows by complex 
interpolation for b g]0, 1[. Using the almost disjointness of the supports of ip{t— 
n G Z, the triangle inequality, estimates (|4.3jl . (|4.4|) and (|4.5j) complete the proof of 
Lemma 14.41 □ 
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Next we apply Lemma 14.41 with ^NjLj (uj), j = 1,2 in the place of uj and it follows 
from the definition of X^'^ that, for any b > 1/2 and any S > 0, 

2 ^ 2 

(4.6) WU^^.^A^Ml^rxM) ^ Ct,sN;'^\L,L2)'ll\\Aj,^L,iu,)\\mMxM) ■ 

It is now clear that the proof of ProDosition l4.3l can be completed from 1)4. 2[) and 1)4. 6|1 
by a suitable Holder inequality □ 

Let us now turn to the proof of ()3.8|) . Set d = and d = Thanks to (|1.2|) and 
using that F{0) = 0, we obtain that the function 

F{u) - {dF){0)u- (dF){0)u 

is vanishing at least of order 3 at the origin. Therefore, in order to prove ()3.8() , it 
suffices to prove 

(4.7) ll^(^^)llx=.-'''(RxM) - ^(ll^llxi.6{RxM) + \\'^\\x^,b(^RxM)) ll^llx=.''(IRxM) 

assuming that F{u) is vanishing to order 3 in zero. We can write 
F{n) = ^ [F{SnAu)) - F{S^^/,{u))] , 

Ni 

where the sum is taken over all dyadic values of A'^i (recall that 5*1/2 (^) = 0)- We 
have for z,w G C, 

F{z) - F{w) = {z -w) [ dF{tz + {l-t)w)dt + {z-w) [ dF{tz + {1 - t)w)dt . 

Jo Jo 

Therefore 

F{SnM) - F{S,,^/2{u)) 



with 

Gi{zi,Z2)= [ dF{tzi + Z2)dt, G2{zi,Z2)= [ dF{tzi + Z2)dt. 
Jo Jo 

We have thus the splitting F{u) = Fi{u) + F2{u), where 

F,iu) = A7V,(n) GiiAr,, (u), 5^,/2(^^)) • 

Ni 

Thanks to the growth assumption on V{z), we have the bound 
\Gjizi,Z2)\ <C{l + \zi\ + \z2\r-\ j = l,2. 
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We will provide a bound only for Fi{u). The analysis for F2{u) is exactly the same. 
We have for dyadic integers Ni, N2 



otherwise. 



and hence we can write that for dyadic integers Ni, N2, 

Gi{AN:,SN2iu), SNi/2SN2iu)) " Gli^NiSN^/2{u), SN^/2SN2/2iu)) 

is equal to 

'Gi{0,SNM)-Gi{0,SN2/2{n)) if 2iV2 < iVi, 

GiiAN,iu),SN^/2in)) - Gi(0,5^,/2(n)) if iVs = iVi, 

GiiAN,iu),SN,/2iu)) - GiiAN,iu),SN,/2iu)) = if iV2 > 2iVi. 
Using the vanishing property of F at the origin allows us to write 

N2:N2<Ni 

+ Yl ^^H^'{^N2{u),Sn2/2{u)), 

N2:N2<Ni 

with 

TjN2r u^ jjod2GiiO,ta + b)dt if2N2<N^, 
ill (a, uj = \ 1 

[J^ diGi{ta,b)dt ifiV2 = iVi, 

where {81,82) are the derivatives of Gi with respect to the first and the second 
arguments respectively. Moreover 



Notice that 



' Jo 82G1 (0, ta + h)dt if 2N2 < Ni , 
^ Jo diGi (ta, h)dt if N2 = Ni. 



\Hf^{a,b)\ < G(l + \a\ + |6|)°^^(°-2.o), j = 1,2. 

We can write 

Fi(n)= ^NAu)AN2{u)H^'{^N2iu),SN2/2{u))+ 

N2<Ni 

+ Y AjViHA]^i72^2(A^,(u), Sn2/2{u)) := Fn{u) + Fu{u) . 

N2<Ni 
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We will provide a bound only for Fii{u). The analysis for Fi2(u) is exactly the 
same. 

Similarly to the analysis for Gi(AAr-^(u), Sn^/2{u)), using once again the vanishing 
property of F at the origin, allows us to expand H^^ as follows 

N3:N3<N2 

N3:N3<N2 

where, due to the growth assumptions on V, H^j^''^^ {a,b) satisfies 
(4.8) \H^^'^^a,b)\ < C{1 + |o| + |6|)^a-("-3>o)^ j ^ 12. 

Of course we can write explicit formulas for if^^'^^(a, b) as we did for H^^ {a, b) but 
it will not be needed in the sequel. The only information for H^^'^^ {a,b) that we 
will use is the bound (|4.8|) . Now, we can write 

N3<N2<Ni 

+ Y ^nAu)^N2{u)A^)H^^''^-'{An3{u), S^^/2{u)) := Fni{u)+Fn2{u) . 

N3<N2<Ni 

We will provide a bound only for Fiii{u). The analysis for Fii2{u) is exactly the 
same. Notice that 



(4.9) Aiv = ^A 



NL, 

L 



where the sum is taken over all dyadic values of L. For w G X'"'" (M x M), we set 

3 

!■■= Y / A^„i„(u;)nAiv,L,(n)i/it'^^(A^3(n),5^3/2(n)), 



JV3<]V2<JVi 



where the sum is taken over dyadic values of Nj,Lj, j = 0,1,2,3. By duality, to 
prove (|4.7() it suffices to establish the bound 



HI < CWw 
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Set 



jNo,Ni,N2,N3 ._ 



We split / as \I\ < /i + /2) where we define Ii and /2 to be the sums of the terms 
^Lo'li'l^^'lI^ associated to indexes such that A^o < -'^-^i and A'o > AA^i respectively, 
and A > 1 is a large constant to be determined later. 

We first evaluate Ji. Using Proposition and the Holder inequality, we get, 
that for every e > there exists P < \ such that, 

3 

||AAroLo(z/;)||i2(]RxM) W \\^NjLj{u)\\L'i{RxM) 

Thanks to (|4.8() we can write 

Using Lemma|ni21 P-5p and the Cauchy-Schwarz inequality yield, for b > 1/2, 

L 

< ^CNiL-2\\AN,Liu)\\mRy<M) < CNiY.L-2-'L'N4 AnsL{u)\\l'2{RxM) 



1 , ,1 



L L 

We next estimate ||S7V3/2(^)II-L°°- 
ll'S'Ar3/2(^)llL°°(RxM) < 

3 1 



Af4:Af4<Af3/2 Na:Na<N3/2 L 



1 



N4:N4<Ns/2 L Ni: N4<N-j,/2 L 
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provided b > 1/2. Using the last two estimates, we obtain the bound 

(4.10) ||/?it''^'(AiV3W,5;v3/2W)llL-(MxM) < 1 + C{Nl\\u\Uu,r-^(^-^^'^ . 
With (|4.1fl|) in hand, we estimate Ii. Let us recall a discrete Schur lemma. 

Lemma 4-5. — For every A > 0, every s > there exists C > such that if (catq) 
and {d^j^) are two sequences of nonnegative numbers indexed by the dyadic integers, 
then, 

Proof. — Let us set 



Afo<AiVi ~ ^ No Ni 



Summing geometric series imply that there exists C > such that 



supVi^(iVo,iVi)+supVif(iVo,A^i) <C. 

Therefore the Schur lemma implies the boundedness on x tj^^ of the bilinear form 
with kernel K{Nq, Ni). This completes the proof of Lemma 14.51 □ 

In estimation /i, we first sum with respect to Lq, Li, Nq, Ni. Writing 

using Lemma l4.5l and 1)4. lOj) . after summing geometric series in Lq^ we c3-n write 
for h > 1/2 and 1/2 > b' > f3, 

T ^ n W W II II ( ^ I II ||niax(Q-3,0) 

n S '^sWUWx^fiiRxM^ ll^ll X-',b'(M^M\ I + iiu 



max(a-3,0) ^ 



L2,LsN3<N2 j=2 

Since a < 5 and < N2,we have, choosing e > small enough, 



1 



max(a — 3,0) 



Therefore, by summing geometric series in N2, N^, L2, L^, we get the bound 

h < C||'«^|lx-'',i''{RxA^) (ll'"llxi.*'(RxM) + ll^llxi,ft(RxM)) ll^ll^^'^CIRxM) • 
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It remains to estimate l2- This is performed by using the following proposition and 
summing geometric series. 

Proposition 4-6. — Let s > 1. Then there exists A > , b,b' satisfying H3.7|) . 

> and p,C such that for every w G X-'^'''(R x M), u G ^^'^(M x M), if Nq, 
Ni, N2, iVa satisfy 

No>ANi, N3<N2<Ni 

then 

(4.11) ^ CiNoLoLM^r^wW^..,, + ||n||^,,) M^s, . 

Proof. — To prove Proposition 14.61 we consider three regimes: 

4.2.1. Case 1: N]^^ < N3, 6 > small enough. — We use Proposition Ol the 
Holder inequality and (|4.10j) . For every e > 0, there exists (i < \ such that, 

max(a~3,0) 



I max (a 



Therefore 

jNo,NuN2,N3 ^ ^ {LQLiL2L-iY a+e 

m ax (cK — 3,0) ^ 

^3 ^ WMlx-o^iRxM) (^ll'"llxi'''(KxM) + ll'"llxi.f'{RxM) ) ll'"llx=.''(RxM) • 

Since q < 5, we observe that there exist e > 0, 5 > and 7 > such that 



AfS max(a-3,0) 

-f— (iV2iV3)^+^iV3 ' <No 



Nf{N2N3) 

The parameter e > being fixed, we choose f3 as imposed by Proposition l4.;-il Finally 
we chose (6, b') £ satisfying (|T7|) such that b' > (5. 

4.2.2. Case 2 : N3 < N^^ . — We start with a rough bound for H^^^'^\ By a 
repetitive use of Leibniz rule and the Sobolev embeddings, we obtain the following 
statement. 

Lemma 4-7. — There exists ^ > such that for every coordinate patch 

K : U CR^ > — > M, 
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every 7 G N^, there exists C-y > such that for every u G H^{M), 



We next state a bound for products of eigenfunctions. 

2 
3 



Lemma 4- 8- — Let i > 5 > 0. There exists A > such that if 



(4.12) A^o > AA^i, N3<N2< N^, A^g < ^Vq^ ^ 



then for every 7 > there exists C and p such that for every u,w ^ L'^{M) 

r ^ 

J A' 



provided (Afc^.)5 g [Nj, 27V,], j = 0, 1, 2, 3. 



Proof. — A similar argument already appeared in Lemma 2.6 of our previous paper 
[5] . The new point here is the presence of H^^'^^ . Working in local coordinates, 
due to Lemma I2. 31 we can substitute Pk^w with the oscillatory integral 



(4.13) / e^^'o'^(^'^«)ao(x,yo,A|J^i;(yo)dyo. 



Indeed the remainder term can be estimated thanks to the Sobolev embeddings and 
Lemma 14.71 We consider three cases. 

— Case 1. Suppose first that A''i < Nq~^ . Using Lemma f2.5l we integrate by 
parts in the variable x by means of the oscillating factor 



e 



and after q integrations, we gain a factor A'^q . On the other hand, due to 



Lemma 14.71 the assumption A'^i < N} ^ and the Sobolev inequality, we obtain 



that the derivation of the amplitude is causing at most a factor A'^^^^ 
taking q ^ 1, this completes the proof in the case A'^i < A'^^ 
Case 2. Suppose next that A''! > A^'g"'^ but A''2 < ^^q^^- In this case we can 



substitute Pk^w with 1)4. 13() and Pfc^u with 

v{x,yi)^^ ^^^y^^ )n(yi )(iyi 



Indeed in the considered case the remainders in the approximation for Pk^w 
and Pk^u given by Lemma 12.31 are both 0{Nq°°) as operators from L^ to the 
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Sobolev spaces. Thanks to Lemma [2.5l if we take A ^ 1, we can again integrate 
by parts in x with the slightly modified oscillatory factor 



where 



- Case 3. Suppose finally that Ni > N^'^ and N2 > N^~^. Then we can 
substitute PkoW, Pk^^u and Pk2U with the corresponding oscillatory integrals 
and we can then argue as in case 2. 

This completes the proof of Lemma 14.81 □ 

Lemma [4.8l fwith S = g) is now used to prove ProDosition l4.6l for space time functions 
in this regime. 

Define ILk,L as follows 

1 



nfc,L(M) := 



2tt 



L<{T+\k)<2L 



Pku{T)e''^dT . 



Further we set 

AiNo,Ni,N2,N3) ■.= {{ko,ki,k2,h) : <{Xkf^ <2Nj,j = 0,1,2,3}. 



Since 



we get the bound 



A 



NL 



E 



n 



k,L 



k:N<(Xk)^<2N 



I 



No,NuN2,N3 
Lo,Li,L2,Ls 



A{No,Ni,N2,N3) 



Since Pk^k,L = ^k,L, under the assumption ()4.12|) a use of Lemma yields. 



u 



xM 



jNo,NuN2,N3 . ^ AT-'^sun / 1 + 



m{M) 



/oo ^ 
||nfco,LoW;(t)||i2(M) n \\^kj,L,u{t)\\L2(^M)dt 
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For b > 1/2, a use of H3.2() and the Holder inequality implies that 

3 

l|nfc(,,Lo1«||L2(]RxM)l|nfci,Li'"||L2(]RxM) \\^kj,LjU\\ioo(^^.L2(^M)) 
A{No,Ni,N2,N3) j=2 

Since Ajv^L^nfe^^L^, = n^.,/,^., for /cj such that Nj < (Afc^)^ < 2Nj, using ((231), 
get 

(4-14) l|nA:o,Lo'"^llL2(IRxM) < CNqL^^ X - 'b' (Ux M) ' 



(4.15) ||nfci,Lin||i2(KxAf) < C'A^;^ ^II^^IIx=>''(]RxM) < C*^! ''lkllx''>f'(RxM) 1 
and using Lemma I.S.2[ for j = 2, 3, 

1 

(4.16) \\Uk^^LjU\\L°°{R;L^{M)) < ^LjU\\ L^(Rx M) 

< CLj lkllxO>''(KxAf) ^ C*-^! lkllxi>''(KxM) 

Using a crude form of Weyl asymptotics, we get a bound 

3 

(4.17) |A(iVo,Afi,iV2,A^3)| <C{YlN,y. 

j=0 

Estimate (|ITr|) in this regime follows in view of (jJHU, (jHSJ, (j^T^ and (|07|) 

4-2.3. Case 3: < N3 < ^Vq^*^ where 6 is the small number fixed in Case 1. 
We shall denote by 0{1) any quantity bounded by 

(LoLiL2L3)~'^ + ll^llxi.'')!!^!!^'''' 

for some 7 > 0,p G N. Let 

V = ANoLoiw) ANiLi{u)AN2L2{u)AN3L3iu) . 

Lemma 4-9. — There exists ip G C^(M\ {0}) such that 

11(1 - v{N^^A))v\\m^^M) < 0(l)iVo"' 

for any k. 
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Indeed, working in local coordinates, according to O Proposition 2.1], there exists 
X G C^(K3 \ {0}) such that for any k 

3 

j=0 

Therefore, modulo negligible terms, the spectrum of v lies in a ring of size Nq which 
proves the lemma. Next we take advantage of this spectral localization to perform 
integrations by parts: we have (for some function ip £ Cq^(M \ {0})) 

and modulo negligible terms 

v^P{N^^A)[A{H^,'^'''{AN,{u),Sr,,/2{umdtdx 

IxM 

Applying Proposition 14.31 we obtain 
But, by Sobolev embedding, we have 



Lo,Li,L2,L^ 



|A(<^'^^(A^3(n), 5^3/2(n)))||L^ < CiV|(l + 

rl-S 



and thus, since iVs < iV2 < Ni and N3 < Nq ' 



(4.18) ^ ^(1) N^-'Ni-' NP^' 4^' 

< 0{l) N^'^ Nl~'+^' < Nt'^'+^'- 

and we can choose e > small enough such that (s — 2)5 + 2e < 0. 

This completes the proof of Proposition 14.61 (and thus of (|3.8j) ) in the case of a 
three dimensional compact manifold satisfying Proposition 14.11 □ 

Remark 4-10. — Let us notice that the estimate holds for any sub-quintic 

nonlinearity, not necessarily satisfying the gauge condition We used 

in the reduction to F vanishing of order three at zero performed above because it 
simplifies a bit the analysis. More precisely for an arbitrary F in the expansions of 
Gi{Ani{u), Si\f^/2{u)) and H^^{An2{u), S]\f^/2{u)) above one should add a constant. 
This would force one to analyze quadratic nonlinearities separately which can be done 
with our methods. 
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Thanks to the multihnear nature of our arguments, the proof of p.9|) is essentially 
the same as for ()3.8p . Indeed for suitable Fi, F2 one writes 

F{u) — F{v) = (u — v)Fi{u, v) + {u — v)F2{u, v). 

Then we expand 

u — V = A7V1 — v) 

and for j = 1, 2, 

Fj{u,v) = [FjiSN^iu), S N2iv)) - FjiS^^ /2iu), Sn2/2{v))]- 

N2 

One then further expand the difference and after a duality argument the proof of 
H3.9|) is reduced to a bound for a 4-linear expression multiplied with a factor similar 
to ff^^'^^(A7V3('u), Sj^._^/2{'^)) appeared in the proof of ()3.8|) . We omit the details. 



5. Trilinear Strichartz estimates and applications 

In this section we prove Theorem |1] for M = Sp x with the standard metric. 

5.1. Trilinear Strichartz estimates on M = Sp x S^. — We do not know 
whether Proposition 14.11 holds in this case. Instead, we shall prove a trilinear 
Strichartz-type estimate. Let us first introduce some notation. As usual we identify 
with M/(27rZ). The eigenfunctions of A in the considered case are 

Am n = TTi'^ + ftfn^ + n), m>0, n > 0, k = . 

Let us denote by n„ the spectral projector on spherical harmonics of degree n > 
on 52. For /{to, 6) £ L'^{Sl x S^), we set 

em/H:=— f{u^,e)e-'^'d9. 
The crucial estimate is the following. 

Proposition 5.1. — For every interval I C M, every e > there exists a constant 
C such that for every A^i > A^2 > > 1, avery /i, /2, /a G L'^{M), 

j=i i=i 



NONLINEAR SCHRODINGER EQUATIONS ON 3-MANIFOLDS 



41 



Proof. — By a time translation we can suppose that / = [0, T]. Since k is not 
necessarily integer, we can not employ the argument of ProDosition l4.1l which reduces 
the analysis to the case / = [0, 2tt]. We shall instead use the following lemma, already 
used in a similar context in 

Lemma 5.2. — Let K he a countable set of real numbers. Then for every T > 
there exists Ct such that for every sequence {ax) indexed by A one has 

AeA ieZ A;|A-Z|<l/2 

Proof. — Let ipT £ Co°(^) be such that ij^T = 1 on the interval [0,T]. Set 

f{t) ■.= Y,Mt)axe'^'. 
AeA 

Then 

J{r) = Y,i^T{r-X)ax 
AeA 

and the problem is to show that 

\\f\\LHR)<CT{Y.{ E i^ai)')'. 

ieZ A:|A-i|<l/2 

Next, we write 

1/(^)1 < E E - < E K{l,r)h{l), 

/eZ A;|A-i|<l/2 lei 

where 

h{l)= V IoaI, K{1,t)= sup |V^(t-A)|. 

A:|A-/|<l/2 A:|A-Z|<l/2 

It is clear that |A — / | < 1/2 implies 



1 + |t-A| - l + |r-/| 

and therefore, using that ipT S Cq°(M), we deduce that for every N G'N there exists 
Ct,n such that 

A use of the Schur lemma completes the proof of Lemma 15.21 □ 
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We expand 

3 



3 

= g-«(Ami,ni+Am2,n2+-'*™.3."3)*e*(™l+™2+™3)^ (]!„ . 0^ ■ /j ) ('-t') 



where the sum is taken over {mj,nj), j = 1,2,3 such that Nj < {Xnij.nj)^ < 2A'j-. 
Using the Parseval identity with respect to 6 and Lemma 15.21 we obtain 

3 

L2([0,T]xM) 



< 



{^5^)G^2 I ^ — Amj^ ^ j^j^ — Aj7^2 ,ri2 ~ -^^3 ,713 I ^ 1/2 j — 1 
^=m.i+m2+m3 



2 

L2(52) 



where the summation over (mi, m2, rn-a, ni, n2, "^3) is restricted to {mj,nj) such that 
Nj < {\mj,nj)^ < 2Nj, j = 1,2,3. Applying the triangle inequality for the L'^{Sp) 
norm, the Cauchy-Schwarz inequahty in the summation over (mi, 1712, m^, ni, n2, ^3), 
and the trihnear estimate (|1.6)) of Theorem [21 yields 

3 

lin^'*^(^^.-^j)|lL2([0,T]xM) 

3 

< E E \Hi,mN2Ns)-2ll\\Un^a^j,\\l,(^s$) 

^=mi+m2+m3 



3 

<(iV2iV3)^ sup |A(/,OI nil/ill i2(M) 



where 

3 

^{hCj := {(mi,m2,m3,ni,n2,n3) G : \l -^{rr?j + K{n] + nj))\ < 1/2, 

i=i 

^ = mi+m2 + m3, A^j < (A^^.n,)^ < 2iVj-, i = l,2,3}. 
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It remains to bound the size of A(/,^). The number of possible (7713,713) is bounded 
by CN^. The number of possible m2 is bounded by CN2. Thus the number of 
possible (m2, 771,3, 773) is bounded by CN2N^. Let us now fix a possible triple 
(m2, 77Z3, 77,3). Our goal is evaluate the number of possible (7711,771,772) such that 
(7771,7772,7773,771,772,773) E A(^,,^). In view of the imposed restrictions, we can elimi- 
nate 7771 by concluding that (771,772) should satisfy 

|/ - (^ - 7772 - "73)^ - 7772 - 7773 - K [771 + 772 + 773 + 771 + 772 + 773] I ^ ^ 

or equivalently 

(5.1) |(2?li + 1)2 + (2772 + 1)^ - iil < -, 



where 



R = -4(77! + 773) + 2 + - [/ - (^ - 7772 - ms)'^ -ml- ml] 

K 



Using Lemma 14. 2| uniformly with respect to R, the number of integer solutions 
(771,772) G [0,CNi] X [0,CA^2] of the inequality ((SU is bounded by CeiVf which 
implies the estimate 

\A{l,a<CsNiN^'^^. 
The proof of Proposition 15.11 is now completed. □ 

5.2. Using trilinear Strichartz estimates. — From now on we simply assume 
that M is a three dimensional compact manifold satisfying Proposition 15.11 Pro- 
ceeding as in [5| Section 3.2] one can show, for instance, that the product of any 
Zoll surface with has this property. As a consequence it can be remarked that in 
fact Theorem n holds for any such manifold. 

For our purpose in this section, we will first use the following weaker form of 
Proposition 14.11 which is a consequence of Proposition 15.11 

Proposition 5.3. — For every interval / C M, every e > there exists a constant 
C such that for every Ni,N2 > 1, every /i, /2 G L?'{M), 

2 2 
II ne'*^(A^./i)|L2(,xM) ^ C7(min(iVi,iV2))i+^n ' 

Proof. — It suffices to apply Proposition 15. II with /3 = 1. □ 
Proposition 15.11 and Proposition 15 .31 now imply the following statement. 
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Proposition 5.4- — For every e > there exist (3 < and C > such that for 
every Ni > N2 > N3 > 1, Li,L2,L3 > 1, every ui,U2,U3 G L'^{R x M), 
2 2 

(5.2) \\II^n,lAuj)\\l, < C{L,L2fNi^'ll\\AN^L,i^,)h2 

i=i j=i 

and 

3 3 

(5.3) II n A;v,L,(^,)|L2 < CiL,L2LsfNl^'Nt'll\\AN,L,{nj)\\L^ . 

Proof. — One can show that Proposition 15.31 imphes (|5.2|) exactly as we did in 
the proof of Proposition 14.31 The proof of ()5.3() follows similar lines. First, using 
Lemma l3. 21 and the Holder inequality we get 

3 3 

(5.4) II n^^J-f'j(^i)|lL2 - \\^NiLAui)\\L(iiR-L\M))Yl\\^N,L,{uj)\\L6(R-L°-iM)) 

i=l i=2 

3 

< C(iV2iV3)^(^1^2i3)^ n \\^N,L,{uj)\\L2 • 

Next, exactly as in the proof of Proposition 14.31 we obtain that for every unit 
interval I C M, every b > 1/2, every 6 > there exists Cb s such that for every 
Ni>N2>N3> 1, every ui,U2,U3 G X°'^(R x M), 

3 3 5 3 

(5.5) II n^^.(^J-)IL2(/xM) ^ Ct,5Nt'Ni n \\AN,iuj)\\xo,. . 

Using the partition of unity 1)4. 4p , we get the bound 

3 

(5.6) ||nA7v,L,(n ■" 



< Cb,5Ni^^Ni{LiL2Lsfll\\AN,L,(.Uj)\\L2 



xM) 



Finally, a suitable interpolation between (|5.4|) and (|5.6|1 completes the proof of 
Proposition 15.41 □ 

Let us now turn to the proof of Theorem in the case M = x (or more 
generally any manifold satisfying ProDosition l5.1|) . We can again suppose that F{u) 
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is vanishing at least at order three at zero. We expand F{u) as we did in section^ 
and are led to estimating terms of the form 

3 

rNo,Ni,N2,N3 



Lo,Li,L2,L3 



As in section we consider two cases and denote by Ii the contribution correspond- 
ing to A'^o < AA^i, where A ^ 1 is a large constant and by I2 the contribution 
corresponding to Nq > A Ai . To study Ii , we even make one more expansion of the 



terms H^^'^^ and it results that estimate (|3.8|) is a consequence of the bounds 



(5.7) 

and 

(5.8) 



J < C||lf 11^-3,6' (KxM)ll'"llxi.*'(RxM)lkllx«.''{RxM) 
h < C||'W^|lx-s.i''(RxM) (ll^llxi.''(RxM) + ll'"llxi.^*(RxM)) ll'"ll^"'''(«xAf) ' 



(5.9) h < C\\w\\j^-s,b'(^^M) (ll^llxi^ftCRxA/) + ll'"llxi.*'(RxM)) \\'^\\x''.b{RxM) , 



where 

and 
h = 



J 



E E E 1/ ^NoLo{w)IIAn,l,{u) 

LoMMM No N3<N2<Ni •^I^xA'^ j=l 



E E E 

Lo,Li,L2,L3,L4 No<ANi N4,<N3<N2<Ni 

4 



/ Ar,oLo (w) ( n A^^z., (n)) /7^-^3,a.4 (^^^ (n), S^^/^in)) 

jRxM i=i 



E E E 

LqMMM No>ANi_ N3<N2<Ni 



xM 



AnoLo H ( n A^,L, (n)) (A^^ (^)^ Sn,/,{u)) 



with sums taken over the dyadic values of Nj and Lj, j = 0,1,2,3,4. Moreover 
i?^2,Af3,Af4(a^5) enjoys the bound 

\H^^'^^'^*{a,b)\ < C(l + \a\ + I^D^^^^C^-^-O) _ 
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In addition for 4 < a < 5, we can further expand iJ^2,A^3,A^4 g^j-^d we can get the 
bound 



(5.10) 



N2,N3,N4 



N5:Ns<N4, 



The proof of l\5.7\i is a consequence of the bihnear estimate H5.2|) . More precisely, 
using (|5.2j) and the Holder inequality, we obtain that for every e > there exists 
/? < 1/2 such that 



r ^ 



An.lAu) 



Since for e < 1/4 we have | + e < 1, we can complete the proof of (|5.7j) as we did 
in sectional A similar argument (using both 1)5.2^ and is valid for (jS.Hp . if 

a < 4. 

To prove (|5.8|1 if 4 < a < 5, we use Proposition 15.41 in its full strength. Set 



JN0N1N2N3N4 .__ 
L0L1L2L3L4 



r ^ 

/ A^„i„(u;)(nA7v,L,(n))F 

JRxM 1=1 



N2,N3,N4 



{AN4{u),SN4/2iu)) 



In order to estimate IloLiL2lIl^* ^ following form of Holder's inequality. 

1~7 / /" . „. . . 1\ 7 



(5.11) 



V7 G]0, 1], 



xM 



/5 



< 



xM 



I/I 



xM 



151 



Since 4<a<5, 7 = a — 4 g]0, 1[. Using ()5.1ip . we can write, 

('5 ]^2) JN0N1N2N3N4 ^ rjAfoAfiAf2Af3iV4ll-7[^^oA'iAf2A^3A'417 

where 



J 



N0N1N2N3N4 
L0L1L2L3L4 



xM 



Thanks to (EHUl), the second factor K^^LrLiSu^ (|^TT^ enjoys the bound 



j^NoNiNzNsNi < 
L0L1L2L3L4 — 



r ^ 
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Let us now bound J^«/;i^^0f. Using Holder inequality and Proposition 15.41 fboth 
H5.2|) and H5.3() l. we obtain that for every e > there exists /? < 1/2 such that 

Next we estimate K^^^^^f^lfL^!'- By writing A^Vs = Els^n.l,, using Holder's 
inequality and Proposition 15.41 (twice (|5.3j) ). we obtain that for every e > there 
exists /3 < 1/2 such that K^^l^Zl^u'' bounded by 

5 

N5:N5<N4 Ls 3=1 

Writing = N^N^ , using the Cauchy-Schwarz inequality, we get for b > [5, 



E E^5^"''^5l|AiV5L,(n)b2< 

^ ( E E ') " ii-iix.^ < c7iv/^i.bM . 

Therefore, we have the estimate, 

4 ^ 

(n^?l|Ajv,L,(n)||L2)iV/+ln||^i,,. 
Coming back to 1)5. 12(1 . we obtain the following estimate 

(5-13) Il,l,l,l^u ^Cjfs ^2iV3iV4 ^0 [LM^U) 

4 

{N,'Lt\\/^NoL,{w)\\L2){NiL\\\/^N,LAu)\^^^^ 

i=2 

Let us take e > such that (| + 2e) + (| + e) + 7(5 + e) < 3 or equivalently, 

1 — 7 5 — a 



< e < 



4(3 + 7) 4(a-l) 
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Note that a proper choice of e is possible thanks to the sub critical assumption 
a < 5. Therefore there exists > such that for < N-^ < N2, 



N2N3N^ - {N2NsNiy ■ 

Thanks to and ((HUSI), we obtain 

(5.15) if'omNM < ^-^L^-'\LiL2LsUf-' 



I II''' 



i=2 

for Ii by summing geometric series in Lq, Li, L2, -L3, L4, N2, N^, N4 while the sum 
over {Nq,Ni) is performed by invoking Lemma 14.51 

We now turn to the proof of (|5.9|) . As in section 4, we shall denote by 0(1) any 
quantity bounded (for some 7 > 0,p € N) by 

{LoLiL2L3y^ \\w\\x-s,b'{\H\xi,b + ll^^ll^i,!,)||^i||x''>''- 
We have three regimes: 

1. Nq'^ < N^, S >0 small enough, 

2. iV3<^^n^ 



1. 

^2 



^0 ^ ^^3 ^ 

In the first regime, we apply the same strategy as when Nq < ANi. Indeed, in this 
regime, Nq/Ni < Nq and we obtain (after expanding once more the non linear term) 
with ?7 > 



which gives the summability in A'4 < A''3 < N2 < < A^^Nq. 

The second regime can be dealt with in the same way as in the previous section 
(in this regime, we gain arbitrary powers of Nq^). Finally we concentrate on the 
last regime. Let 

As in section 4, we have 



Lemma 5.5. — There exists G Co°(M\ {0}) such that 

i{KxM) < 0(1)^^0 



1 - (^(iVo"'A))HlLi(RxM) < O(l)A^0"' 
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for any k. 

Using that for some function ^ G we have 

we can integrate by parts in the integral defining Ilq'li'l2^L3^' 

(5.16) iSSfX,' = [ vI/(iV-2A)(t;)A(A^,,.,(n)F^^^'^^(A^3(n),5^3(n))) 

Jm l 

+ V {Am,l, (n)) • V (A;v3 {n), Sn^ (n))) 

+ A^,,., (n) A (//^^^'^^ (A^3 (n), Sn, in))) ' 

Now to estimate the first term in the right hand side of (|5.16|) we simply apply the 
strategy already used in the case Nq < ANi , the only difference being the additional 
factor (Ni/Nq)'^ (the factor N'^ coming from the action of the Laplace operator 
on AAr^i^(u)), which allows, since s < 2, to exchange the roles of A^o and Ni and 
gain summability. Remark here that the additional operator '^{Nq'^A) applied to 
^NoLoi'w) ^N2L2{u)Aj\f^L.^{u) plays no role since it disappears when one takes 
norms. 

Next we estimate the two other terms. We expand the derivatives and observe 
that 

|V (^H^,"''^Am,{u),SnM)) \{x) < CwN,,i{x) 
with WNs,i{x) = (|VAiV3(n)| + \VSns{u)\) {\An,{u)\ + \Sn,{u)\) (x), 

|A (i/^^^'^^(A^3(..),5^3(n))) |(x) < WN,,2{x) 

with WN^M^) = {\AAns{u)\ + |A57V3(u)|) (|AiV3(n)| + ISN^iu)]) (x) 

+ (|VA^3(n)| + |V5;v3(n)|)'(x). 

Next we use that for (p G C^(IR), (p(N^'^A) is an A^^ ^-semi-classical operator and 
consequently the gradient of a spectrally localized function is essentially spectrally 
localized. This allows to apply the trilinear estimate (|5.3j) to v on one hand and to 

^^^^^ |V(A7ViLi('u)) I X u;7V3,l 

or An^lAu) X WN3,2 
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on the other hand (remark that the moduh in (|5.17|1 do not spoil the estimate since 
we take norms). 

We obtain that the contribution of these two terms is bounded (for any e > 0) by 
(5.18) C,0{l)N^^ ' N:,"^^'nI'^^' {NiNs + iV|) N-'^'^' n'^^'^' 

Using that 5 > and N:^ < Nq^^ , for e > small enough, this term can be bounded 
by Nq^,!] > giving the required summability in A~"'^A'o > Ni > N2 > N^- 

Remark 5.6. — A careful examination of the proof above shows that Theorem ^ 
still holds for a three dimensional manifold M satisfying the more general trilinear 
Strichartz estimate, 

3a > : VT > 0, Ve > 0, 3C7 > : VTVg < N2 < Ni, V /i,/2,/3 S ^^(M) , 

II n ^''""(^NjMmio.n.M) < CNl+^Nt''^^ n ||A^^/,||^.(M) . 

i=i i=i 



Appendix A 

This appendix is devoted to the optimality of the assumption a < 5 in Theorem^ 
Let us again consider a 3d-manifold M endowed with a Riemannian metric g and A 
the Laplace-Beltrami operator acting on functions of M. We consider the following 
non-linear Schrodinger equation on M 

(A.l) (idt + A)n = Fiu),u\t=o = uq € H\M) 

where F{z) = (1 + |zp)^~z and a > 5. 

Let us fix s > 3/2. Equation (|A.H) is well-posed for data in H^{M) by the energy 
method. In particular, for every bounded set B C H^{M) there exists Tg such 
that for every uq G H^{M) the Cauchy problem HA.1|1 has a unique solution on the 
interval [—Ts,Ts] in the class C{[—Ts,Ts] ; H'^[M)). Moreover the flow map 

<1> : no — > u 

is continuous (and even Lipschitz continuous) from endowed with the H^{M) 
metric, to C{[—Ts,Ts]; H'^{M)). The next statement shows that $ can not be 
extended as a continuous map on bounded sets of H^{M). 



NONLINEAR SCHRODINGER EQUATIONS ON 3-MANIFOLDS 



51 



Theorem 5. — Let B he a hounded set of H^{M). There is no T > such that 
the map $ can he extended as a continuous map from B to C([— T, T] ; H^{M)). 

The result of Theorem |21 readily follows from the following statement. 

Theorem 6. — There exist a sequence {tn)nen of positive numbers tending to zero 
and a sequence (ttn(i))n>i ofC°^{M) functions defined for t S [0, such that 

{idt + A)n„, = (1 + \Un\^)^Un 

with 

lim ||un(0)||Hi(M) = 0, and lim \\un{tn)\\m(M) = ^ ■ 

Remark A.l. — The result of Theorem\^ in the particular case M = M^, endowed 
with the standard metric, can be found in We also refer to for more ill- 

posedness results for NLS on W^, d > 1, with power-like nonlinearities and data in 

i^^ s > 0. 

Remark A.2. — The proof of Theorem is strongly inspired by [llj . The only 
observation we make here is that the dilation arguments involved in the proof in jllj 
are not essential. It is clear from the proof we present that the discussed phenomenon 
is completely local, i.e. the whole analysis is close to a point of M for very small 
times. 

Proof. — We work in a local coordinate patch around and consider as initial data 
the sequence tin(O) = K„n^/^93(nx), re ^ 1, where ipis a fixed non negative smooth 
compactly supported At„ = log"'' (re) with 5 > to be fixed later. Remark that 

\\Un{^)\\H\M) ~ l^n- 

Let US set f{z) := (1 + \z\'^)^ . Then 

Vn{t) = K„rei/V(™3;)e-^*-^(^""'^''^("^» 
is the solution of the equation 

(A.2) idtVn = F{Vn), Vn\t=0 = Un{0) ■ 

Let us give a basic bound for Vn{t). 

Lemma A. 3. — There exist c > and C > such that for any t > 0, 
\\V,Vn{t)\\L^ > Ac„(ct<-ire("-i)/2 -C) . 



52 



N. BURQ, P. GERARD & N. TZVETKOV 



Proof. — The change of variable y = nx gives 

l|Vx'U„(t)||i2 

(A.3) 



L2 



> K„(2tK„n^/2 \\ip{y)dJ{Knn^^^^p{y)) • VyV9(y)||i2 - ||Vj;(^||i2) 

which imphes the lemma. □ 
For functions n on M, we define the quantity, 

En{u) := n^||ii|||2 +n~^||An|||2 
The key point in the proof of Theorem El is the next statement. 

Lemma A. 4- — The solution Un of (|A.1|) with initial data uq = Knn^^'^(p{nx) £ 
C'^{M) exists for < t < tn, with tn = \o^^^{n)n~^"'^'^'^/'^ . Moreover, there exist 
e > such that for t G [0, 

En{Un{t) - Vn{t)) < Cu'' . 

Proof. — Since the initial data are in , s > 3/2, we know that Un{t) exist on a 
(non empty) maximal time interval [0,t„[. Consequently, to prove Lemma I A. 41 we 
simply prove the a priori estimates which ensure, by a classical bootstrap argument, 
both the existence and the control on En{un{t) — Vn{t)) for t G [0, tn] n [0, Let us 
set Wn '■= Un — Vn- For the sake of conciseness, in the rest of the proof of Lemma lA.4l 
we drop the subscript n of Un, Vn and Wn- The a priori estimates involved in the 
proof are simply energy inequalities in the equations 

{idt + A)w = F{u) - F{v) - Av = 0(1 + |t;|"-^ + \w\"-^)w - Av 
(idt + A) Ay; = A (F(n) - F{v)) - A'^v = - A^ + A, 

where 

la-l 



A := 0(1 + + \v\''-')Aw+ 



+ 0{{1 + Iwl"-"^ + \v\"-'^){l + \w\ + + \Vw\ + |Vt;|))Vu'+ 



\a-2 



W 



a-3 



+ V 



a-3 



)(1 + \Vvf + {\v\ + \w\)\V'^v\)) w . 



From the explicit formula for v, we have for < t < tn, k = 0,1,2, ... , 

\\V''v\\loo < Cni/2+feiog^/8(j^) . 



NONLINEAR SCHRODINGER EQUATIONS ON 3-MANIFOLDS 



53 



According to the Gagliardo-Nirenberg inequalities, 

(A.4) Wfho. < Cyf^Um]!' < Cn'/'EM) 

we deduce 

(A.5) n \\0{1 + It;!"-^ + \w\''-^)w\\l2 < C (l + \\v\\l-J + n\\w\\L2 < 

<Cn^^~^^'\E^{w) + E'^{w)). 

To estimate A, we proceed similarly. More precisely, thanks to HA.4|) . we estimate 
systematically the terms involving v w below the O sign in The only term 
which cannot be estimated by invoking HA.4|) is 

(A.6) + + |z;|"-2)(|Vw|))Vw;. 

In order to evaluate ()A.6|) . we use the bound 

\\Vw\\la < C||V'u;||^3/4 < Cn-^^^Eniw) 

and we obtain 

(A.7) < C n^'^+^y\En{w) + E^{w)) . 

We are therefore conducted to the following estimate for A 

(A.8) n-^ \\A\\l2 < C n^''-^^/^log^/\n)iEniw) + E^iw)) . 

Next, thanks to the formula for v, for < t < t„, we estimate the source terms, 

(A.9) n\\Av\\L2 + n-'^\\A'^v\\L2 < Cn'^log^/'^{n) 

According to ()A.5|) . (|A.7j) and (|A.9|) . we obtain 

j^Eliw) < C n^''-^^/Hog^/\n){El{w) + E^+\w)) + Cn^log^/\n)Eniw) . 

Suppose first that En{w) < 1 which is clearly the case at least for t <C 1 since 
w\t=o = 0. Notice that 

2nHog'/Hn)E^iw) < n^--'yHog''\n)El{w) + . "^"f ■ 

j^l^a-ij/z log ' (nj 

Therefore 



dt L J 
Integrating the last inequality between and t gives the estimate 

En {w) <Cr?~^ logi/4 (n) * (") . 



54 



N. BURQ, P. GERARD & N. TZVETKOV 



For every 7 > there exists such that for t G [0, tn]-, 

^^^(a-i)/2jQgi/4^^) < C log^/^(n) < 7logn + C^ 

Since a > 5, by taking 7 > smah enough, we obtain that there exists e > such 
that for t G [0,t„], we have 

(A.IO) En{w)<Cn-^. 

Finally the usual bootstrap argument allows to drop the assumption En{w) < 1. 
This completes the proof of Lemma lA.41 □ 

It is clear that by interpolation, the quantity En{u) controls uniformly with respect 
to n the norm of u. Consequently, it follows from Lemma lA.31 and Lemma lA.41 
that for 5 < and n 3> 1, 

\\Un{tn)\\m > Clogi-"^(n). 

This completes the proof of Theorem |H1 □ 



References 

[1] J. Bourgain. Fourier transform restriction phenomena for certain lattice subsets and ap- 
plication to nonlinear evolution equations I. Schrodinger equations. Geom. and Fund. 
Anal, 3:107-156, 1993. 

[2] J. Bourgain. Exponential sums and nonlinear Schrodinger equations. Geom. and Fund. 
Anal, 3:157-178, 1993. 

[3] J. Bourgain. Eigenfunction bounds for the Laplacian on the n-torus. Internal. Math. 
Res. Notices, 3:61-66, 1993. 

[4] J. Bourgain. Remarks on Strichartz' inequalities on irrational tori. Personal communi- 
cation, 2004. 

[5] N. Burq, P. Gerard and N. Tzvetkov. Strichartz inequalities and the nonlinear 

Schrodinger equation on compact manifolds. Amer. J. Math., 126-3: 569-605, 2004. 
[6] N. Burq, P. Gerard, and N. Tzvetkov. An instability property of the nonlinear 

Schrodinger equation on S"'. Math. Res. Lett., 9(2-3) :323-335, 2002. 
[7] N. Burq, P. Gerard, and N. Tzvetkov. The Cauchy problem for the nonlinear 

Schrodinger equation on compact manifold. J. Nonlinear Math. Physics, 10: 12-27, 

2003. 

[8] N. Burq, P. Gerard and N. Tzvetkov. Bilinear eigenfunction estimates and the nonlinear 
Schrodinger equation on surfaces. To appear in Inventiones Mathematicae, 2004. 

[9] N. Burq, P. Gerard and N. Tzvetkov. Multilinear estimates for Laplace spectral pro- 
jectors on compact manifolds. C. R. Acad. Sci. Paris, Ser. I 338: 359-364, 2004. 



NONLINEAR SCHRODINGER EQUATIONS ON 3-MANIFOLDS 



55 



[10] T. Cazenave. Semi-linear Schrodinger equations. Courant Lecture Notes in Mathemat- 
ics, 10. New York University. American Mathematical Society, Providence, RI, 2003. 

[11] M. Christ, J. CoUiander and T. Tao. Ill-posedness for nonlinear Schrodinger and wave 
equations. Preprint, 2003. 

[12] S. Gallot, D. Hulin and J. Lafontaine, Riemannian geometry Universitext, Springer- 
Verlag, Berlin, 1990 

[13] J. Ginibre and G. Velo. On a class of nonlinear Schrodinger equations. J. Fund. Anal., 
32: 1-71, 1979. 

[14] J. Ginibre. Le problcme de Cauchy pour des EDP semi-lineaires pcriodiques en variables 
d'espace (d'apres Bourgain). Seminaire Bourbaki, Exp. 796, Asterisque 237: 163-187, 
1996. 

[15] L. Hormander. The spectral function of an elliptic operator. Acta Math., 121:193-218, 
1968. 

[16] L. Hormander. Oscillatory integrals and multipliers on FL^. Ark. Math., 11:1-11, 1973. 
[17] T. Kato. On nonlinear Schrodinger equations. Ann. Inst. Henri Poincare, Physique 

theorique, 46: 113-129, 1987. 
[18] S. Klainerman and M. Machedon. Remark on Strichartz-type inequalities. Internal. 

Math. Res. Notices, 5:201-220, 1996. With appendices by J. Bourgain and D. Tataru. 
[19] S. Klainerman and M. Machedon. Finite energy solutions of the Yang-Mills equations 

in M3+1 Ann. of Math. (2), 142 (1): 39-119, 1995. 
[20] H. Koch and D. Tataru. Personal communication, 2004. 

[21] J.-L. Lions. Quelques methodes de resolution des equations aux derivees partielles non 

lineaires Dunod, Paris. 1969. 
[22] C. Sogge. Oscillatory integrals and spherical harmonics. Duke Math. Jour., 53:43-65, 

1986. 

[23] C. Sogge. Concerning the norm of spectral clusters for second order elliptic operators 
on compact manifolds. J. Fund. Anal, 77:123-138, 1988. 

[24] C. Sogge. Fourier integrals in classical analysis. Cambridge tracts in Mathematics, 1993. 

[25] E.M. Stein. Harmonic analysis: real-variable methods, orthogonality, and oscillatory 
integrals. Monographs in Harmonic Analysis, III, Princeton University Press, Prince- 
ton, NJ, 1993. 

[26] G. Szego. Orthogonal Polynomials. Colloq. Publications, American Math. Soc, 1974. 

[27] A. Zygmund. On Fourier coefficients and transforms of functions of two variables. Studia 
Math. 50:189-201, 1974. 

[28] T. Tao. Multilinear weighted convolutions of functions, and applications to non- 
linear dispersive equations. Amer. J. Math. 123: 839-908, 2001. 



N. BuRQ, Universite Paxis Sud, Mathematiques, Bat 425, 91405 Orsay Cedex et Institut 
Universitaire de Prance • E-mail: Nicolas.burq@math.u-psud.fr 
Url : http : / /www . math . u-psud . f r/~burq 



56 



N. BURQ, P. GERARD & N. TZVETKOV 



P. Gerard, Universite Paris Sud, Mathematiques, Bat 425, 91405 Orsay Cedex 

E-mail : Patrick.gerard@math.u-psud.fr 
N. TzvETKOV, Universite Paris Sud, Mathematiques, Bat 425, 91405 Orsay Cedex 

E-mail : Nikolay.tzvetkovQmath.u-psud.fr 

Url : http://www.math.u-psud.fr/~tzvetkov 



